
9. Define Poisson Distribution. 

Solution :  A random variable X is said to follow a Poisson Distribution if it 

assumes only non-negative values and its probability mass function is given by : 

𝑝(𝑥, 𝜆) = 𝑃(𝑋 = 𝑥) = {
𝑒−𝜆𝜆𝑥

𝑥!
;   𝑥 = 0,1,2, … ;  𝜆 > 0

0,              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
     

where,  λ is the parameter of the distribution. 

10. What are the limiting cases for which Poisson Distribution is under Binomial 

Distribution ? 

Solution :  The required conditions are : 

(i) 𝑛, the number of trials is indefinitely large, i.e., 𝑛 → ∞. 

(ii) 𝑝, the constant probability of success for each trial is indefinitely small, i.e., 

𝑝 → 0. 

(iii) 𝑛𝑝 = λ, where λ is finite. 

 𝑝 =
λ

𝑛
 

 𝑞 = 1 −
λ

𝑛
  ,  in this case λ is positive real number. 

11. Find the probability function of the Poisson Distribution. 

Solution :  We know that the probability of 𝑥 successes in a series of 𝑛 

independent trials is :  

𝑏(𝑥; 𝑛, 𝑝) = (
𝑛
𝑥

) 𝑝𝑥𝑞𝑛−𝑥;    𝑥 = 0,1,2, … , 𝑛 

                                                  = (
𝑛
𝑥

) 𝑝𝑥(1 − 𝑝)𝑛−𝑥 

                                                   = (
𝑛
𝑥

) (
𝑝

1−𝑝
)

𝑥
(1 − 𝑝)𝑛 

                                                    = 
𝑛(𝑛−1)(𝑛−2)……(𝑛−𝑥+1)

𝑥!
.

(
𝜆

𝑛
)

𝑥

(1−
𝜆

𝑛
)

𝑥 . (1 −
𝜆

𝑛
)

𝑛
 



                                                    =  
(1−

1

𝑛
)(1−

2

𝑛
)……(1−

𝑥−1

𝑛
)

𝑥!(1−
𝜆

𝑛
)

𝑥 . 𝜆𝑥 (1 −
𝜆

𝑛
)

𝑛
 

∴ lim
𝑛→∞

𝑏(𝑥; 𝑛, 𝑝) = 
𝑒−𝜆𝜆𝑥

𝑥!
;   𝑥 = 0,1,2, … ;  𝜆 > 0. 

which is the probability function of the Poisson Distribution. 

12. Derive the Moments of Poisson Distribution. 

Solution : Here, we have, 

𝑢1
′ = E(𝑋) = ∑ 𝑥 𝑝(𝑥, 𝜆) = ∑ 𝑥.∞

𝑥=0
∞
𝑥=0

𝑒−𝜆𝜆𝑥

𝑥!
= 𝜆𝑒−𝜆 {∑

𝜆𝑥−1

(𝑥−1)!
∞
𝑥=0 } 

                   = 𝜆𝑒−𝜆 (1 + 𝜆 +
𝜆2

2!
+

𝜆3

3!
+ ⋯ ) 

                   = 𝜆𝑒−𝜆. 𝑒𝜆 

                   = λ   ( mean of the Poisson Distribution ) 

𝑢2
′ = E(𝑋2) = ∑ 𝑥2 𝑝(𝑥, 𝜆) = ∑ {𝑥(𝑥 − 1) + 𝑥}.∞

𝑥=0
∞
𝑥=0

𝑒−𝜆𝜆𝑥

𝑥!
 

                     = ∑ 𝑥(𝑥 − 1)
𝑒−𝜆𝜆𝑥

𝑥!
∞
𝑥=0  + ∑ 𝑥.∞

𝑥=0
𝑒−𝜆𝜆𝑥

𝑥!
 

                     = 𝜆2𝑒−𝜆 {∑
𝜆𝑥−2

(𝑥−2)!
∞
𝑥=2 } + λ 

                     = 𝜆2𝑒−𝜆𝑒𝜆 + 𝜆 

                      = 𝜆2 + 𝜆 

𝑢3
′ = E(𝑋3) = ∑ 𝑥3 𝑝(𝑥, 𝜆) = ∑ {𝑥(𝑥 − 1)(𝑥 − 2) + 3𝑥(𝑥 − 1) + 𝑥}.∞

𝑥=0
∞
𝑥=0

𝑒−𝜆𝜆𝑥

𝑥!
 

                     = ∑ 𝑥(𝑥 − 1)(𝑥 − 2)
𝑒−𝜆𝜆𝑥

𝑥!
∞
𝑥=0  +3∑ 𝑥(𝑥 − 1).∞

𝑥=0
𝑒−𝜆𝜆𝑥

𝑥!
  

                        +  ∑ 𝑥.∞
𝑥=0

𝑒−𝜆𝜆𝑥

𝑥!
 

                     = 𝜆3𝑒−𝜆 {∑
𝜆𝑥−3

(𝑥−3)!
∞
𝑥=3 } + 3𝜆2𝑒−𝜆{ ∑

𝜆𝑥−2

(𝑥−2)!
∞
𝑥=2  } + λ 



                     = 𝜆3𝑒−𝜆𝑒𝜆 + 3𝜆2𝑒−𝜆𝑒𝜆 + 𝜆 

                      = 𝜆3 + 3𝜆2 + 𝜆 

𝑢4
′ = E(𝑋4) = ∑ 𝑥4 𝑝(𝑥, 𝜆)∞

𝑥=0  

                     = ∑ {𝑥(𝑥 − 1)(𝑥 − 2)(𝑥 − 3) + 6𝑥(𝑥 − 1)(𝑥 − 2) +∞
𝑥=0

                                      7𝑥(𝑥 − 1) + 𝑥}.
𝑒−𝜆𝜆𝑥

𝑥!
 

                      = 𝜆4𝑒−𝜆 {∑
𝜆𝑥−4

(𝑥−4)!
∞
𝑥=4 } + 6𝜆3𝑒−𝜆 {∑

𝜆𝑥−3

(𝑥−3)!
∞
𝑥=3 } + 7𝜆2𝑒−𝜆 {∑

𝜆𝑥−2

(𝑥−2)!
∞
𝑥=2 } 

                           + λ 

                      = 𝜆4𝑒−𝜆𝑒𝜆+ 6𝜆3𝑒−𝜆𝑒𝜆 +7𝜆2𝑒−𝜆𝑒𝜆 + 𝜆 

                      = 𝜆4 + 6𝜆3 + 7𝜆2 + 𝜆 

The four central moments are obtained as following ways : 

𝜇2 = 𝜇2
′ − 𝜇1

′ 2
= (𝜆2 + 𝜆) − 𝜆2 = 𝜆 

Thus, both the mean and the variance of the Poisson Distribution are each equal to 

λ. 

𝜇3 = 𝜇3
′ − 3𝜇2

′ 𝜇1
′ + 2𝜇1

′ 3
 = (𝜆3 + 3𝜆2 + 𝜆) − 3𝜆(𝜆2 + 𝜆) + 2𝜆3 = 𝜆 

𝜇4   = 𝜇4
′ − 4𝜇3

′ 𝜇1
′ + 6𝜇2

′ 𝜇1
′ 2

− 3𝜇1
′ 4

 

       = (𝜆4 + 6𝜆3 + 7𝜆2 + 𝜆) − 4𝜆(𝜆3 + 3𝜆2 + 𝜆) + 6𝜆(𝜆2 + 𝜆) − 3𝜆4 

       = 3𝜆2 + 𝜆 

Co-efficients of skewness and kurtosis are given by : 

𝛽1 =
𝜇3

2

𝜇2
3

=
𝜆2

𝜆3
 = 

1

𝜆
  and   𝛾1 = √𝛽1 = 

1

√𝜆
 

𝛽2 =
𝜇4

𝜇2
2

= 3 +
1

𝜆
    and  𝛾2 = 𝛽2 − 3 =

1

𝜆
 

 


