
8. Derive the Moments of Binomial Distribution. 

Solution :  The first four moments about the origin of binomial distribution can be 

calculated as following ways :  
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Thus, the mean of the binomial distribution is 𝑛𝑝. 

𝑢2
′ = E(𝑋2) = ∑ 𝑥2 (
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       = 𝑛(𝑛 − 1)𝑝2(𝑞 + 𝑝)𝑛−2 + 𝑛𝑝 

       = 𝑛(𝑛 − 1)𝑝2 + 𝑛𝑝 

𝑢3
′ = E(𝑋3) = ∑ 𝑥3 (

𝑛
𝑥

)𝑛
𝑥=0 𝑝𝑥𝑞𝑛−𝑥 

       = ∑ {𝑥(𝑥 − 1)(𝑥 − 2) + 3𝑥(𝑥 − 1) + 𝑥} (
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)𝑛
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 + 𝑛𝑝 

       = 𝑛(𝑛 − 1)(𝑛 − 2)𝑝3(𝑞 + 𝑝)𝑛−3 + 3𝑛(𝑛 − 1)𝑝2(𝑞 + 𝑝)𝑛−2 + 𝑛𝑝 

       = 𝑛(𝑛 − 1)(𝑛 − 2)𝑝3 + 3𝑛(𝑛 − 1)𝑝2 + 𝑛𝑝 

Here, we have,  

𝑥4 = 𝑥(𝑥 − 1)(𝑥 − 2)(𝑥 − 3) + 6𝑥(𝑥 − 1)(𝑥 − 2) + 7𝑥(𝑥 − 1) + 𝑥 



Let us consider,  

𝑥4 = 𝐴𝑥(𝑥 − 1)(𝑥 − 2)(𝑥 − 3) + 𝐵𝑥(𝑥 − 1)(𝑥 − 2) + 𝐶𝑥(𝑥 − 1) + 𝑥 

Putting, 𝑥 = 1,2,3, we have the values of A, B and C. 

𝑢3
′ = E(𝑋4) = ∑ 𝑥4 (

𝑛
𝑥

)𝑛
𝑥=0 𝑝𝑥𝑞𝑛−𝑥 

       = 𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3)𝑝4 + 6𝑛(𝑛 − 1)(𝑛 − 2)𝑝3 + 7𝑛(𝑛 − 1)𝑝2 + 𝑛𝑝 

( after simplification ) 

∴ Central Moments of Binomial Distribution are : 

𝜇2 = 𝜇2
′ − 𝜇1

′ 2
= 𝑛2𝑝2 − 𝑛𝑝2 + 𝑛𝑝 − 𝑛2𝑝2 = 𝑛𝑝(1 − 𝑝) = 𝑛𝑝𝑞 

𝜇3 = 𝜇3
′ − 3𝜇2

′ 𝜇1
′ + 2𝜇1

′ 3
 

      = {𝑛(𝑛 − 1)(𝑛 − 2)𝑝3 + 3𝑛(𝑛 − 1)𝑝2 + 𝑛𝑝}−3{𝑛(𝑛 − 1)𝑝2 + 𝑛𝑝}𝑛𝑝 + 2(𝑛𝑝)2 

       = 𝑛𝑝(−3𝑛𝑝2 + 3𝑛𝑝 + 2𝑝2 − 3𝑝 + 1 − 3𝑛𝑝𝑞) 

       = 𝑛𝑝{3𝑛𝑝(1 − 𝑝) + 2𝑝2 − 3𝑝 + 1 − 3𝑛𝑝𝑞} 

       = 𝑛𝑝(2𝑝2 − 3𝑝 + 1) = 𝑛𝑝(2𝑝2 − 2𝑝 + 𝑞) = 𝑛𝑝𝑞(1 − 2𝑝)  

       = 𝑛𝑝𝑞(𝑞 + 𝑝 − 2𝑝) = 𝑛𝑝𝑞(𝑞 − 𝑝) 

𝜇4   = 𝜇4
′ − 4𝜇3

′ 𝜇1
′ + 6𝜇2

′ 𝜇1
′ 2

− 3𝜇1
′ 4

= 𝑛𝑝𝑞{1 + 3(𝑛 − 2)𝑝𝑞}  (after simplification) 

Hence, we have,  
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𝜇2
2

=
𝑛𝑝𝑞{1 + 3(𝑛 − 2)𝑝𝑞}

𝑛2𝑝2𝑞2
=

1 + 3(𝑛 − 2)𝑝𝑞

𝑛𝑝𝑞
= 3 +

1 − 6𝑝𝑞

𝑛𝑝𝑞
 

𝛾1 = √𝛽1 = 
𝑞−𝑝

√𝑛𝑝𝑞
 = 

1−2𝑝

√𝑛𝑝𝑞
   and    𝛾2 = 𝛽2 − 3 =

1−6𝑝𝑞

𝑛𝑝𝑞
  

The required results.  


