
Exercise 2(D) 

1. (𝒙𝟐 + 𝒚𝟐)𝒑 + 𝟐𝒙𝒚𝒒 = 𝒛(𝒙 + 𝒚) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶  Given PDE is 

(𝑥2 + 𝑦2)𝑝 + 2𝑥𝑦𝑞 = 𝑧(𝑥 + 𝑦) ……………. (i) 

The Lagrange’s auxiliary equations for (i) are,  

𝑑𝑥

𝑥2+𝑦2
=

𝑑𝑦

2𝑥𝑦
=

𝑑𝑧

𝑧(𝑥+𝑦)  
    ……………… (ii) 

Choosing 1,1,0 as multipliers, each fraction for (ii) 

=
𝑑𝑥+𝑑𝑦

𝑥2+𝑦2+2𝑥𝑦
 =

𝑑(𝑥+𝑦)

(𝑥+𝑦)2
 …………………. (iii) 

From 3rd fraction of (ii) and fraction (iii), we get 

𝑑𝑧

𝑧(𝑥+𝑦)  
=

𝑑(𝑥+𝑦)

(𝑥+𝑦)2
  

⇒ 
𝑑𝑧

𝑧
=

𝑑(𝑥+𝑦)

(𝑥+𝑦)
 

⇒ ∫
𝑑𝑧

𝑧
+ 𝑙𝑜𝑔𝑐1 = ∫

𝑑(𝑥+𝑦)

(𝑥+𝑦)
, where 𝑐1 is integrating constant. 

⇒ 𝑙𝑜𝑔𝑧 + 𝑙𝑜𝑔𝑐1 = log(𝑥 + 𝑦) 

⇒ 𝑙𝑜𝑔𝑐1 = log(𝑥 + 𝑦) − 𝑙𝑜𝑔𝑧 

∴  𝑐1 =
𝑥+𝑦

𝑧
 ………………………… (iv) 

Choosing 1, −1,0 as multipliers, each fraction for (ii) 

=
𝑑𝑥−𝑑𝑦

𝑥2+𝑦2−2𝑥𝑦
 =

𝑑(𝑥−𝑦)

(𝑥−𝑦)2
 …………………. (v) 

From fraction (iii) & fraction (v), we get 

𝑑(𝑥 + 𝑦)

(𝑥 + 𝑦)2
=

𝑑(𝑥 − 𝑦)

(𝑥 − 𝑦)2
 



⇒ ∫
𝑑(𝑥+𝑦)

(𝑥+𝑦)2
= ∫

𝑑(𝑥−𝑦)

(𝑥−𝑦)2
+ 𝑐2, where 𝑐2 is integrating constant.       

⇒   −
1

𝑥+𝑦
= −

1

𝑥−𝑦
+ 𝑐2       

⇒ 
1

𝑥−𝑦
−

1

𝑥+𝑦
= 𝑐2 

∴  𝑐2 =
2𝑦

𝑥2−𝑦2
 ………………… (vi) 

From (iv) & (vi), the general solution is 

𝜑(𝑐1, 𝑐2) = 0 

𝑖. 𝑒. , 𝜑 ( 
𝑥+𝑦

𝑧
,

2𝑦

𝑥2−𝑦2
  ) = 0, where 𝜑 is an arbitrary function. Answer 

 

2. {𝒚(𝒙 + 𝒚) + 𝒂𝒛}𝒑 + {𝒙(𝒙 + 𝒚) − 𝒂𝒛}𝒒 = 𝒛(𝒙 + 𝒚) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶  Given PDE is 

{𝑦(𝑥 + 𝑦) + 𝑎𝑧}𝑝 + {𝑥(𝑥 + 𝑦) − 𝑎𝑧}𝑞 = 𝑧(𝑥 + 𝑦) ………. (i) 

The Lagrange’s auxiliary equations for (i) are,  

𝑑𝑥

𝑦(𝑥+𝑦)+𝑎𝑧
=

𝑑𝑦

𝑥(𝑥+𝑦)−𝑎𝑧
=

𝑑𝑧

𝑧(𝑥+𝑦)  
    ……………… (ii) 

Choosing 1,1,0 as multipliers, each fraction for (ii) 

=
𝑑𝑥+𝑑𝑦

𝑦(𝑥+𝑦)+𝑎𝑧+𝑥(𝑥+𝑦)−𝑎𝑧
 =

𝑑(𝑥+𝑦)

(𝑥+𝑦)2
 …………………. (iii) 

From 3rd fraction of (ii) and fraction (iii), we get 

𝑑𝑧

𝑧(𝑥+𝑦)  
=

𝑑(𝑥+𝑦)

(𝑥+𝑦)2
  

⇒ 
𝑑𝑧

𝑧
=

𝑑(𝑥+𝑦)

(𝑥+𝑦)
 

⇒ ∫
𝑑𝑧

𝑧
+ 𝑙𝑜𝑔𝑐1 = ∫

𝑑(𝑥+𝑦)

(𝑥+𝑦)
, where 𝑐1 is integrating constant. 



⇒ 𝑙𝑜𝑔𝑧 + 𝑙𝑜𝑔𝑐1 = log(𝑥 + 𝑦) 

⇒ 𝑙𝑜𝑔𝑐1 = log(𝑥 + 𝑦) − 𝑙𝑜𝑔𝑧 

∴  𝑐1 =
𝑥+𝑦

𝑧
 ………………………… (iv) 

Choosing −𝑥, 𝑦, 0 as multipliers, each fraction for (ii) 

=
−𝑥𝑑𝑥+𝑦𝑑𝑦

−𝑥𝑦(𝑥+𝑦)−𝑎𝑥𝑧+𝑥𝑦(𝑥+𝑦)−𝑎𝑦𝑧
 =

−𝑥𝑑𝑥+𝑦𝑑𝑦

−𝑎𝑧(𝑥+𝑦)
 …………………. (v) 

From 3rd fraction of (ii) & fraction (v), we get 

𝑑𝑧

𝑧(𝑥 + 𝑦)  
=

−𝑥𝑑𝑥 + 𝑦𝑑𝑦

−𝑎𝑧(𝑥 + 𝑦)
 

⇒ −𝑎𝑑𝑧 = −𝑥𝑑𝑥 + 𝑦𝑑𝑦 

⇒ −𝑎 ∫ 𝑑𝑧 = − ∫ 𝑥𝑑𝑥 + ∫ 𝑦𝑑𝑦 +
𝑐2

2
, where 𝑐2 is integrating constant.       

⇒   −𝑎𝑧 = −
𝑥2

2
+

𝑦2

2
+

𝑐2

2
       

⇒ −2𝑎𝑧 + 𝑥2 − 𝑦2 = 𝑐2 

∴    𝑐2 = 𝑥2 − 𝑦2 − 2𝑎𝑧 ………………… (vi) 

From (iv) & (vi), the general solution is 

𝜑(𝑐1, 𝑐2) = 0 

𝑖. 𝑒. , 𝜑 ( 
𝑥+𝑦

𝑧
, 𝑥2 − 𝑦2 − 2𝑎𝑧  ) = 0, where 𝜑 is an arbitrary function. Answer 

Or, 
𝑥+𝑦

𝑧
=  𝜑(𝑥2 − 𝑦2 − 2𝑎𝑧  ) Answer 

 

3. (𝒚𝟐 + 𝒚𝒛 + 𝒛𝟐)𝒑 + (𝒛𝟐 + 𝒛𝒙 + 𝒙𝟐)𝒒 = (𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) 

Solution : Given equation is, 

(𝑦2 + 𝑦𝑧 + 𝑧2)𝑝 + (𝑧2 + 𝑧𝑥 + 𝑥2)𝑞 = (𝑥2 + 𝑥𝑦 + 𝑦2) …. (i) 



The Lagrange’s auxiliary equations for (i) are,  

𝑑𝑥

𝑦2+𝑦𝑧+𝑧2
=

𝑑𝑦

𝑧2+𝑧𝑥+𝑥2
=

𝑑𝑧

𝑥2+𝑥𝑦+𝑦2  
    ……………… (ii) 

Choosing 1, −1,0as multipliers, each fraction for (ii) 

=
𝑑𝑥−𝑑𝑦

(𝑦2+𝑦𝑧+𝑧2)−(𝑧2+𝑧𝑥+𝑥2)
 =

𝑑(𝑥−𝑦)

(𝑦2−𝑥2)+𝑧(𝑦−𝑥)
=

𝑑(𝑥−𝑦)

(𝑦−𝑥)(𝑥+𝑦+𝑧)
 ……..(iii) 

Choosing 0,1, −1as multipliers, each fraction for (ii) 

=
𝑑𝑦−𝑑𝑧

(𝑧2+𝑧𝑥+𝑥2)−(𝑥2+𝑥𝑦+𝑦2)
 =

𝑑(𝑦−𝑧)

(𝑧2−𝑦2)+𝑥(𝑧−𝑦)
=

𝑑(𝑦−𝑧)

(𝑧−𝑦)(𝑥+𝑦+𝑧)
 ……..(iv) 

Choosing −1,0,1as multipliers, each fraction for (ii) 

=
𝑑𝑧−𝑑𝑥

(𝑥2+𝑥𝑦+𝑦2)−(𝑦2+𝑦𝑧+𝑧2)
 =

𝑑(𝑧−𝑥)

(𝑥2−𝑧2)+𝑦(𝑥−𝑧)
=

𝑑(𝑧−𝑥)

(𝑥−𝑧)(𝑥+𝑦+𝑧)
 ……..(v) 

From fraction (iii) & fraction (iv), we get 

𝑑(𝑥 − 𝑦)

(𝑦 − 𝑥)(𝑥 + 𝑦 + 𝑧)
=

𝑑(𝑦 − 𝑧)

(𝑧 − 𝑦)(𝑥 + 𝑦 + 𝑧)
 

⇒ 
𝑑(𝑥−𝑦)

𝑥−𝑦
=

𝑑(𝑦−𝑧)

𝑦−𝑧
 

⇒ ∫
𝑑(𝑥−𝑦)

𝑥−𝑦
= ∫

𝑑(𝑦−𝑧)

𝑦−𝑧
+ 𝑙𝑜𝑔𝑐1,   where 𝑐1 is an integrating constant. 

⇒ 𝑙𝑜𝑔(𝑥 − 𝑦) = 𝑙𝑜𝑔(𝑦 − 𝑧) +  𝑙𝑜𝑔𝑐1 

⇒ 
𝑥−𝑦

𝑦−𝑧
= 𝑐1 ……………….. (vi) 

From fraction (iv) & fraction (v), we get 

𝑑(𝑦 − 𝑧)

(𝑧 − 𝑦)(𝑥 + 𝑦 + 𝑧)
 =

𝑑(𝑧 − 𝑥)

(𝑥 − 𝑧)(𝑥 + 𝑦 + 𝑧)
 

⇒ 
𝑑(𝑦−𝑧)

𝑦−𝑧
=

𝑑(𝑧−𝑥)

𝑧−𝑥
 

⇒ ∫
𝑑(𝑦−𝑧)

𝑦−𝑧
= ∫

𝑑(𝑧−𝑥)

𝑧−𝑥
+ 𝑙𝑜𝑔𝑐2,   where 𝑐2 is an integrating constant. 



⇒ 𝑙𝑜𝑔(𝑦 − 𝑧) = 𝑙𝑜𝑔(𝑧 − 𝑥) +  𝑙𝑜𝑔𝑐2 

⇒ 
𝑦−𝑧

𝑧−𝑥
= 𝑐2 ……………….. (vii) 

From (vi) & (vii), the general solution is 

𝜑(𝑐1, 𝑐2) = 0 

𝑖. 𝑒. , 𝜑 ( 
𝑥−𝑦

𝑦−𝑧
,

𝑦−𝑧

𝑧−𝑥
  ) = 0, where 𝜑 is an arbitrary function. Answer 

 


