
Second Order ODE with RHM is a function of 𝑥 ( Trigonometric function ) 

 

1.  (𝑫𝟐 − 𝟒)𝒚 = 𝐬𝐢𝐧 𝟐𝒙 

Solution : Given equation is 

(𝐷2 − 4)𝑦 = sin 2𝑥 …………….. (i) 

The auxiliary equation of (i) will be 

𝑚2 − 4 = 0 

⇒ 𝑚 = ±2 

∴ 𝐶. 𝐹. = 𝑐1𝑒2𝑥 + 𝑐2𝑒−2𝑥 

And, 𝑃. 𝐼. =
1

𝐷2−4
 𝑠𝑖𝑛2𝑥 

           = 
𝑠𝑖𝑛2𝑥

−22−4
 

                  = −
1

8
𝑠𝑖𝑛2𝑥 

∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   𝑐1𝑒2𝑥 + 𝑐2𝑒−2𝑥 −
1

8
𝑠𝑖𝑛2𝑥    𝑨𝒏𝒔𝒘𝒆𝒓. 

 

2.  (𝑫𝟐 + 𝟒)𝒚 = 𝐬𝐢𝐧 𝟐𝒙 

Solution : Given equation is 

(𝐷2 + 4)𝑦 = sin 2𝑥 …………….. (i) 

The auxiliary equation of (i) will be 

𝑚2 + 4 = 0 

⇒ 𝑚 = ±2𝑖 



∴ 𝐶. 𝐹. = 𝐴 cos 2𝑥 + 𝐵 sin 2𝑥 

And, 𝑃. 𝐼. =
1

𝐷2+4
 𝑠𝑖𝑛2𝑥 …………….. (ii) 

Let us consider, Y = 
1

𝐷2+4
 𝑐𝑜𝑠2𝑥,     Z = 

1

𝐷2+4
 𝑠𝑖𝑛2𝑥 

∴ 𝑌 + 𝑖𝑍 = 
1

𝐷2+4
 𝑐𝑜𝑠2𝑥 + 𝑖

1

𝐷2+4
 𝑠𝑖𝑛2𝑥 

                 = 
1

𝐷2+4
 (𝑐𝑜𝑠2𝑥 + 𝑖 𝑠𝑖𝑛2𝑥) 

                 = 
1

𝐷2+4
 𝑒𝑖2𝑥        [ ∵ 𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃 = 𝑒𝑖𝜃] 

      = 𝑒𝑖2𝑥 
1

(𝐷+2𝑖)2+4
 1 

      = 𝑒𝑖2𝑥 
1

𝐷2+4𝑖𝐷+4𝑖2+4
 1 

                 = 𝑒𝑖2𝑥 
1

4𝑖𝐷+𝐷2
 1 

      =  𝑒𝑖2𝑥.
1

4𝑖𝐷(1+
𝐷

4𝑖
)
 1 

                 = 𝑒𝑖2𝑥.
1

4𝑖𝐷
(1 +

𝐷

4𝑖
)

−1
1 

                  = 𝑒𝑖2𝑥.
1

4𝑖𝐷
{1 −

𝐷

4𝑖
+ (

𝐷

4𝑖
)

2
− ⋯ }1 

                   = 𝑒𝑖2𝑥.
1

4𝑖𝐷
 1 

                    = 𝑒𝑖2𝑥.
1

4𝑖
.

1

𝐷
. 1 

                    = 𝑒𝑖2𝑥.
1

4𝑖
. 𝑥 

                    = 
𝑥

4𝑖
(𝑐𝑜𝑠2𝑥 + 𝑖 𝑠𝑖𝑛2𝑥) 

          = −
𝑖𝑥𝑐𝑜𝑠2𝑥

4
+

𝑥𝑠𝑖𝑛2𝑥

4
 



   Y + iZ       = 
𝑥𝑠𝑖𝑛2𝑥

4
+ 𝑖 (

−𝑥𝑐𝑜𝑠2𝑥

4
) 

Equating real and imaginary parts on both sides, we get 

Y = 
𝑥𝑠𝑖𝑛2𝑥

4
   and   Z = 

−𝑥𝑐𝑜𝑠2𝑥

4
 

∴ 𝑃. 𝐼. =  
−𝑥𝑐𝑜𝑠2𝑥

4
 

∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   𝐴 cos 2𝑥 + 𝐵 sin 2𝑥 −
𝑥𝑐𝑜𝑠2𝑥

4
    𝑨𝒏𝒔𝒘𝒆𝒓. 

 

3.  
𝒅𝟐𝒚

𝒅𝒙𝟐
+ 𝒚 = 𝒔𝒊𝒏𝒙 

Solution : Given equation is 

𝑑2𝑦

𝑑𝑥2
+ 𝑦 = 𝑠𝑖𝑛𝑥 

⇒ (𝐷2 + 1)𝑦 = 𝑠𝑖𝑛𝑥 ……………….. (i) 

The auxiliary equation of (i) will be 

𝑚2 + 1 = 0 

⇒ 𝑚 = ±𝑖 

∴ 𝐶. 𝐹. = 𝐴 cos 𝑥 + 𝐵 sin 𝑥 

And P.I. = 
1

𝐷2+1
𝑠𝑖𝑛𝑥 

Let us take, Y = 
1

𝐷2+1
𝑐𝑜𝑠𝑥,    Z = 

1

𝐷2+1
𝑠𝑖𝑛𝑥 

∴ 𝑌 + 𝑖𝑍 = 
1

𝐷2+1
𝑐𝑜𝑠𝑥 + 𝑖

1

𝐷2+1
𝑠𝑖𝑛𝑥 

      = 
1

𝐷2+1
(𝑐𝑜𝑠𝑥 + 𝑖𝑠𝑖𝑛𝑥) 



                 = 
1

𝐷2+1
𝑒𝑖𝑥 

                 = 𝑒𝑖𝑥 1

(𝐷+𝑖)2+1
 1 

                 = 𝑒𝑖𝑥 1

𝐷2+2𝑖𝐷+𝑖2+1
 1 

      = 𝑒𝑖𝑥 1

2𝑖𝐷+𝐷2
 1 

                 = 𝑒𝑖𝑥 1

2𝑖𝐷(1+
𝐷

2𝑖
)
 1 

      = 𝑒𝑖𝑥.
1

2𝑖𝐷
(1 +

𝐷

2𝑖
)

−1
1 

      = 𝑒𝑖𝑥.
1

2𝑖𝐷
{1 −

𝐷

2𝑖
+ (

𝐷

2𝑖
)

2
− ⋯ } 1 

                = 𝑒𝑖𝑥.
1

2𝑖𝐷
1 

                 = 𝑒𝑖𝑥.
1

2𝑖
.

1

𝐷
1 

                  = 𝑒𝑖𝑥.
1

2𝑖
. 𝑥 

                   = 
𝑥𝑒𝑖𝑥

2𝑖
 

                   = 
𝑥

2𝑖
(cos 𝑥 + 𝑖𝑠𝑖𝑛𝑥) 

        = −
𝑖𝑥𝑐𝑜𝑠𝑥

2
+

𝑥𝑠𝑖𝑛𝑥

2
 

∴ 𝑌 + 𝑖𝑍  =  
𝑥𝑠𝑖𝑛𝑥

2
+ 𝑖 (−

𝑥𝑐𝑜𝑠𝑥

2
) 

Equating real and imaginary parts, we get 

∴ 𝑌 =
𝑥𝑠𝑖𝑛𝑥

2
  and Z = −

𝑥𝑐𝑜𝑠𝑥

2
 

∴ P.I. = −
𝑥𝑐𝑜𝑠𝑥

2
  

∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 



𝑦 =   𝐴 cos 𝑥 + 𝐵 sin 𝑥 −
𝑥𝑐𝑜𝑠𝑥

2
    𝑨𝒏𝒔𝒘𝒆𝒓. 

 

4. (𝑫𝟐 − 𝟓𝑫 + 𝟔)𝒚 = 𝒔𝒊𝒏𝟑𝒙 

Solution : Given equation is  

(𝐷2 − 5𝐷 + 6)𝑦 = 𝑠𝑖𝑛3𝑥 ………………….. (i) 

The auxiliary equation of (i) will be 

𝑚2 − 5𝑚 + 6 = 0 

⇒ (𝑚 − 2)(𝑚 − 3) = 0 

⇒ 𝑚 = 2,3 

∴ 𝐶. 𝐹. = 𝑐1𝑒2𝑥 + 𝑐2𝑒3𝑥 

And,     𝑃. 𝐼. =  
1

𝐷2−5𝐷+6
𝑠𝑖𝑛3𝑥 

  = 
1

−32−5𝐷+6
𝑠𝑖𝑛3𝑥 

  = 
1

−3−5𝐷
𝑠𝑖𝑛3𝑥 

  =
−1

5𝐷+3
𝑠𝑖𝑛3𝑥 

  = 
−(5𝐷−3)

(5𝐷+3)(5𝐷−3)
𝑠𝑖𝑛3𝑥 

  = 
−(5𝐷−3)

25𝐷2−9
𝑠𝑖𝑛3𝑥 

  =
−(5𝐷−3)

25(−32)−9
𝑠𝑖𝑛3𝑥 

  = 
−(5𝐷−3)

−234
𝑠𝑖𝑛3𝑥 

  = 
5𝐷𝑠𝑖𝑛3𝑥

234
−

3𝑠𝑖𝑛3𝑥

234
 



  = 
1

234
(5.3𝑠𝑖𝑛3𝑥 − 3𝑠𝑖𝑛3𝑥) 

  =
1

78
(5𝑐𝑜𝑠3𝑥 − 𝑠𝑖𝑛3𝑥) 

∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   𝑐1𝑒2𝑥 + 𝑐2𝑒3𝑥 +
1

78
(5𝑐𝑜𝑠3𝑥 − 𝑠𝑖𝑛3𝑥)    𝑨𝒏𝒔𝒘𝒆𝒓. 

 

 

 

 

 

 

 

 

 

 

 

 


