Lagrange’s method solving Linear Partial Differential Equations

Type 1 based on Rule |

Recommended Book : Advanced Differential Equations (M.D.Raisinghania)

Exercise 2 (A)
Solve the following PDEs :
l.(ca+x)p+(-b+y)q=(—c+2z)
Solution : Given PDE is
(ca+x)p+(-b+y)g=(—c+2).cccccccc...... (1)

The Lagrange’s auxiliary equations for (i) are

dx dy dz

= e, (11)

x—a y—b zZ—cC

From 1%t and 2" fractions, we get

dx _ dy
x—a y-—b

= f% = f% + logc;  where logc,is an integrating constant
= log(x —a) =log(y — b) + logc,

= log(x — a) — log(y — b) = logc,

=1 = log =2
0gc1 =109 =,

. x—a

..Cl_y_b

From 1%t and 3 fractions, we get

dx dz

X—a Z—C

= f% = f% + logc, Wwhere logc, is an integrating constant



= log(x —a) =log(z — ¢) + logc,

= log(x —a) — log(z — ¢) = logc,
X—a

= logc, = logz—_c

X—a

SN Cy =
Z—C

~ The required general solution will be

(p(C1; CZ) = 01

. X—a x—a . . .
i.e.,@ (ﬁ’z_—c) = 0, @ is an arbitrary function. Answer

2.xp+yq=1z

Solution : Given PDE is,

The Lagrange’s auxiliary equations for (i) are

dx _dy dz
X _y Tz

From 1t and 2" fractions, we get

dx _dy
Xy

= f% = f% + logc, where logc,is an integrating constant.
= logx = logy + logc,
= lng - lOgy = logcl

X
= logc, = log;



From 1%t and 3rd fractions, we get

dx B dz
X N Z
dx dz . - -
= ~ = f — + logc, where logc,is an integrating constant.
= logx = logz + logc,

= logx — logz = logc,

X
= logc, = log;

~ The required general solution will be
(P(C1, CZ) = 0’

i.e.,@ (g,g) = 0, @ is an arbitrary function. Answer

3 pt+tq=1

Solution : Given PDE s,

From 1t and 2" fractions, we get

dx =dy

= [dx = [ dy + ¢, where ¢;is an integrating constant.
>x=y+c¢

=>C1=x—y



From 2nd and 3rd fractions, we get

dy =dz

= [dy = [ dz + ¢, where c,is an integrating constant.
=>y=zZ+c¢,

>Cc=y—Z

= The required general solution will be

@(cy,c2) =0,

i.e.,o(x —y,y—z) =0, @isan arbitrary function. Answer

4. x*p + y*q = z*

Solution : Given PDE is,

The Lagrange’s auxiliary equations for (i) are
dx _dy dz
x2  y2 72
From 1t and 2" fractions, we get
dx dy
X2 y?

dx dy . . .
=)= I} v + ¢, where cqis an integrating constant.

1 1
:——=——+C1
X y

1 1
S0 ==—-=
y X

From 2nd and 3rd fractions, we get



dy dz

y2 72

d d . . .
= [ y—f = Z—f + ¢, Where c,is an integrating constant.

1
:__:__‘l'CZ
y Z

=, =

N | R
< Ir

~ The required general solution will be

(p(C1; CZ) = 01
, 1 11 1 . . .
i.e.,@ (; — ;) =0, @ is an arbitrary function. Answer

5. x’p+y*q+2z2=0
Solution : Given PDE is,

x’p+y*q+z2=0

The Lagrange’s auxiliary equations for (i) are

dx _dy  dz

X2 Ty T Iga e (11)
From 1% and 2" fractions, we get
dx dy
X2 F
dx dy . . .
= f; +c = f? where c;is an integrating constant.
1 1
= —- + Cl = — =
x y
D¢ ==—x
17 y



From 2nd and 3rd fractions, we get

dy _ dz
yz  —z2
dy dz . . ;

= [ ete=-J5 where c,is an integrating constant.
> ——+4 C2 - -

1 1
= Cyr = — + -

y zZ

~ The required general solution will be

(p(cll CZ) = 01
, 1 11 1 . . .
i.e.,@ (; 33 + ;) =0, @ is an arbitrary function. Answer
dz 0
o + P sinx

Solution : Given PDE s,

0z N 0z .
ox 3y sinx
>p+q=SiNX .........c....... (1)

The Lagrange’s auxiliary equations for (i) are

dx dy dz
1 1 sinx

From 1t and 2™ fractions of (ii), we get

dx dy
1 1
=dx =dy

= [dx+c¢,=[dy  where cqis an integrating constant.



>x+tc =Yy
DCI =Y =X i (111)
From 1%t and 3" fractions of (ii), we get

dx B dz
1 sinx

= sinx dx = dz

= [sinxdx+c, = [dz

= —Ccosx +c, =2z

=€y =Z+COSX .vvrrrrrrrnnenn, (iv)

~ The required general solution will be
@(c1,c2) =0,

i.e.,o(y —x,z+ cosx) =0, @ is an arbitrary function. Answer

[7.yzp + 2xq = xy
Solution : Given PDE is,

VZD + 2XQ = XY oo (1)
The Lagrange’s auxiliary equations for (i) are

dx dy dz
yz_Zx_xy

From 1%t and 3' fractions of (ii), we get
dx B dz

vz xy

= xdx = zdz

= [ xdx + %1 = [zdz, where c,is an integrating constant.



From 2" and 3' fractions of (ii), we get

dy dz
2x xXy
= ydy = 2dz

= [ ydy +%2 =2 [dz, where c,is an integrating constant.

2
>L 4 2=7;
2 2
Sc,=4z—y: (iv)
~ The required general solution will be

90(C1; Cz) =0,

i.e.,p(z?> —x% 4z —y?) =0, ¢ is an arbitrary function. Answer

9.yzp + zxq = xy
Solution : Given PDE is,

VZID + ZXq = XY e, (1)
The Lagrange’s auxiliary equations for (i) are

dx dy dz

vz zXx Xy
From 1t and 2™ fractions of (ii), we get
dx dy
VZ oZx

= xdx = ydy



= [ xdx + % = [ydy, where c,is an integrating constant.

2

x?
>=+2=2
2 2 2
Sc =y —x% (iii)

From 1% and 3rd fractions of (ii), we get

dx_dz
yz Xy

= xdx = zdz

= [ xdx + %2 = [ zdz, where c,is an integrating constant.

2 2

X C VA
=>_+_2:_

2 2 2
S>c,=z2—x% ... (iii)

~ The required general solution will be

90(C1; Cz) =0,

i.e.,p(y? —x?%,z%—x?) =0, ¢ is an arbitrary function. Answer

10.zp =x

Solution : Given PDE is

From 1%t and 3rd fractions of (ii), we get

dx_dz
zZ X



= xdx = zdz

= [ xdx + 62—1 = [zdz, where c,is an integrating constant.

2 2

X c Z
:>__|__1=_

2 2 2
>c=z2—x% ... (iii)

From 1%t and 2" fractions of (ii), we get

dx dy
z 0

=zdy =0
=dy=0

= [dy = ¢y, where c,is an integrating constant.

~ The required general solution will be

90(C1; Cz) =0,

i.e.,p(z?> —x%,y) =0, @is an arbitrary function. Answer

11. y?p + x2q = x*y?z*
Solution : Given PDE is
y2p +x2q = x%y%z% ... (i)

The Lagrange’s auxiliary equations for (i) are

dx dy = dz

yZ x2 nyZZZ

From 1%t and 2™ fractions of (ii), we get



dx dy

y: o x?

= x%dx = y*dy

= [x%dx + % = [y%dy, where c,is an integrating constant.

x3 ¢ 3
>=+2=2L
3 3 3

Sc=y3—x3 (iii)

From 1%t and 3 fractions of (ii), we get

dx dz

yZ x2y222
dz

= xzdx ==
z

c d . . .
= fxzdx + ?2 = Z—Z where c,1S an mtegratlng constant.

21

1 . . .
= x? + %2 = —— Wwhere c,is an integrating constant.
>x3+c,=-=

3
S, =—x3 == (iv)

~ The required general solution will be

(P(Cp Cz) =0,

. 3 . . .
i.e.,p (y3 —x3,—x3 — ;) = 0, ¢ is an arbitrary function. Answer



