
Lagrange’s method solving Linear Partial Differential Equations 

Type 1 based on Rule I  

Recommended Book : Advanced Differential Equations (M.D.Raisinghania) 

Exercise 2 (A) 

Solve the following PDEs : 

1. (– 𝒂 + 𝒙)𝒑 + (−𝒃 + 𝒚)𝒒 = (−𝒄 + 𝒛) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ Given PDE is 

(– 𝑎 + 𝑥)𝑝 + (−𝑏 + 𝑦)𝑞 = (−𝑐 + 𝑧) ……………. (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑥−𝑎
=

𝑑𝑦

𝑦−𝑏
=

𝑑𝑧

𝑧−𝑐
    ……………………. (ii) 

From 1st and 2nd fractions, we get 

𝑑𝑥

𝑥 − 𝑎
=

𝑑𝑦

𝑦 − 𝑏
 

⇒ ∫
𝑑𝑥

𝑥−𝑎
= ∫

𝑑𝑦

𝑦−𝑏
+ 𝑙𝑜𝑔𝑐1     where 𝑙𝑜𝑔𝑐1is an integrating constant 

⇒ log(𝑥 − 𝑎) = log(𝑦 − 𝑏) + 𝑙𝑜𝑔𝑐1 

⇒ log(𝑥 − 𝑎) − log(𝑦 − 𝑏) =  𝑙𝑜𝑔𝑐1 

⇒ 𝑙𝑜𝑔𝑐1 = 𝑙𝑜𝑔
𝑥−𝑎

𝑦−𝑏
 

∴ 𝑐1 =
𝑥 − 𝑎

𝑦 − 𝑏
 

From 1st and 3rd fractions, we get 

𝑑𝑥

𝑥 − 𝑎
=

𝑑𝑧

𝑧 − 𝑐
 

⇒ ∫
𝑑𝑥

𝑥−𝑎
= ∫

𝑑𝑧

𝑧−𝑐
+ 𝑙𝑜𝑔𝑐2     where 𝑙𝑜𝑔𝑐2 is an integrating constant 



⇒ log(𝑥 − 𝑎) = log(𝑧 − 𝑐) + 𝑙𝑜𝑔𝑐2 

⇒ log(𝑥 − 𝑎) − log(𝑧 − 𝑐) =  𝑙𝑜𝑔𝑐2 

⇒ 𝑙𝑜𝑔𝑐2 = 𝑙𝑜𝑔
𝑥−𝑎

𝑧−𝑐
 

∴ 𝑐2 =
𝑥 − 𝑎

𝑧 − 𝑐
 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑 (
𝑥−𝑎

𝑦−𝑏
,

𝑥−𝑎

𝑧−𝑐
) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. Answer 

 

2. 𝒙𝒑 + 𝒚𝒒 = 𝒛 

Solution :  Given PDE is,  

𝑥𝑝 + 𝑦𝑞 = 𝑧 …………………. (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
=

𝑑𝑧

𝑧
    ……………………. (ii) 

From 1st and 2nd fractions, we get 

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
 

⇒ ∫
𝑑𝑥

𝑥
= ∫

𝑑𝑦

𝑦
+  𝑙𝑜𝑔𝑐1  where 𝑙𝑜𝑔𝑐1is an integrating constant. 

⇒ 𝑙𝑜𝑔𝑥 = 𝑙𝑜𝑔𝑦 + 𝑙𝑜𝑔𝑐1 

⇒ 𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔𝑦 =  𝑙𝑜𝑔𝑐1 

⇒ 𝑙𝑜𝑔𝑐1 = 𝑙𝑜𝑔
𝑥

𝑦
 

⇒ 𝑐1 =
𝑥

𝑦
 ……………. (iii) 



From 1st and 3rd fractions, we get 

𝑑𝑥

𝑥
=

𝑑𝑧

𝑧
 

⇒ ∫
𝑑𝑥

𝑥
= ∫

𝑑𝑧

𝑧
+  𝑙𝑜𝑔𝑐2  where 𝑙𝑜𝑔𝑐2is an integrating constant. 

⇒ 𝑙𝑜𝑔𝑥 = 𝑙𝑜𝑔𝑧 + 𝑙𝑜𝑔𝑐2 

⇒ 𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔𝑧 =  𝑙𝑜𝑔𝑐2 

⇒ 𝑙𝑜𝑔𝑐2 = 𝑙𝑜𝑔
𝑥

𝑧
 

⇒ 𝑐2 =
𝑥

𝑧
 ……………. (iv) 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑 (
𝑥

𝑦
,

𝑥

𝑧
) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. Answer 

 

3. 𝒑 + 𝒒 = 𝟏 

Solution :  Given PDE is,  

𝑝 + 𝑞 = 1 …………………. (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

1
=

𝑑𝑦

1
=

𝑑𝑧

1
    ……………………. (ii) 

From 1st and 2nd fractions, we get 

𝑑𝑥 = 𝑑𝑦 

⇒ ∫ 𝑑𝑥 = ∫ 𝑑𝑦 + 𝑐1  where 𝑐1is an integrating constant. 

⇒ 𝑥 = 𝑦 + 𝑐1 

⇒ 𝑐1 = 𝑥 − 𝑦 



From 2nd and 3rd fractions, we get  

𝑑𝑦 = 𝑑𝑧 

⇒ ∫ 𝑑𝑦 = ∫ 𝑑𝑧 + 𝑐2  where 𝑐2is an integrating constant. 

⇒ 𝑦 = 𝑧 + 𝑐2 

⇒ 𝑐2 = 𝑦 − 𝑧 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑(𝑥 − 𝑦, 𝑦 − 𝑧) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  Answer 

 

4. 𝒙𝟐𝒑 + 𝒚𝟐𝒒 = 𝒛𝟐 

Solution : Given PDE is,  

𝑥2𝑝 + 𝑦2𝑞 = 𝑧2 …………………. (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑥2
=

𝑑𝑦

𝑦2
=

𝑑𝑧

𝑧2
    ……………………. (ii) 

From 1st and 2nd fractions, we get 

𝑑𝑥

𝑥2
=

𝑑𝑦

𝑦2
 

⇒ ∫
𝑑𝑥

𝑥2
= ∫

𝑑𝑦

𝑦2
+ 𝑐1  where 𝑐1is an integrating constant. 

⇒ −
1

𝑥
= −

1

𝑦
+ 𝑐1 

⇒ 𝑐1 =
1

𝑦
−

1

𝑥
 

From 2nd and 3rd fractions, we get  



𝑑𝑦

𝑦2
=

𝑑𝑧

𝑧2
     

⇒ ∫
𝑑𝑦

𝑦2
= ∫

𝑑𝑧

𝑧2
+ 𝑐2  where 𝑐2is an integrating constant. 

⇒ −
1

𝑦
= −

1

𝑧
+ 𝑐2 

⇒ 𝑐2 =
1

𝑧
−

1

𝑦
 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑 (
1

𝑦
−

1

𝑥
,

1

𝑧
−

1

𝑦
) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  Answer 

 

5. 𝒙𝟐𝒑 + 𝒚𝟐𝒒 + 𝒛𝟐 = 𝟎 

Solution : Given PDE is,  

𝑥2𝑝 + 𝑦2𝑞 + 𝑧2 = 0 

 ⇒ 𝑥2𝑝 + 𝑦2𝑞 = −𝑧2…………………. (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑥2
=

𝑑𝑦

𝑦2
=

𝑑𝑧

−𝑧2
    ……………………. (ii) 

From 1st and 2nd fractions, we get 

𝑑𝑥

𝑥2
=

𝑑𝑦

𝑦2
 

⇒ ∫
𝑑𝑥

𝑥2
+ 𝑐1 = ∫

𝑑𝑦

𝑦2
       where 𝑐1is an integrating constant. 

⇒ −
1

𝑥
+ 𝑐1 = −

1

𝑦
 

⇒ 𝑐1 =
1

𝑥
−

1

𝑦
 



From 2nd and 3rd fractions, we get  

𝑑𝑦

𝑦2
=

𝑑𝑧

−𝑧2
     

⇒ ∫
𝑑𝑦

𝑦2
+ 𝑐2 = − ∫

𝑑𝑧

𝑧2
           where 𝑐2is an integrating constant. 

⇒ −
1

𝑦
+ 𝑐2 =

1

𝑧
 

⇒ 𝑐2 =
1

𝑦
+

1

𝑧
 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑 (
1

𝑥
−

1

𝑦
,

1

𝑦
+

1

𝑧
) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  Answer 

 

6. 
𝝏𝒛

𝝏𝒙
+

𝝏𝒛

𝝏𝒚
= 𝒔𝒊𝒏𝒙 

Solution : Given PDE is,  

𝜕𝑧

𝜕𝑥
+

𝜕𝑧

𝜕𝑦
= 𝑠𝑖𝑛𝑥 

⇒ 𝑝 + 𝑞 = 𝑠𝑖𝑛𝑥 …………….. (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

1
=

𝑑𝑦

1
=

𝑑𝑧

𝑠𝑖𝑛𝑥
    ……………………. (ii) 

From 1st and 2nd fractions of (ii), we get 

𝑑𝑥

1
=

𝑑𝑦

1
 

⇒ 𝑑𝑥 = 𝑑𝑦 

⇒ ∫ 𝑑𝑥 + 𝑐1 = ∫ 𝑑𝑦       where 𝑐1is an integrating constant. 



⇒ 𝑥 + 𝑐1 = 𝑦 

⇒ 𝑐1 = 𝑦 − 𝑥    …………… (iii) 

From 1st and 3rd fractions of (ii), we get 

𝑑𝑥

1
=

𝑑𝑧

𝑠𝑖𝑛𝑥
 

⇒ 𝑠𝑖𝑛𝑥 𝑑𝑥 = 𝑑𝑧 

⇒ ∫ 𝑠𝑖𝑛𝑥 𝑑𝑥 + 𝑐2 = ∫ 𝑑𝑧 

⇒ − cos 𝑥 + 𝑐2 = 𝑧 

⇒ 𝑐2 = 𝑧 + cos 𝑥   ……………… (iv) 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑(𝑦 − 𝑥, 𝑧 + cos 𝑥) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  Answer 

 

7. 𝒚𝒛𝒑 + 𝟐𝒙𝒒 = 𝒙𝒚 

Solution : Given PDE is,  

𝑦𝑧𝑝 + 2𝑥𝑞 = 𝑥𝑦 ……………………… (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑦𝑧
=

𝑑𝑦

2𝑥
=

𝑑𝑧

𝑥𝑦
    ……………………. (ii) 

From 1st and 3rd fractions of (ii), we get 

𝑑𝑥

𝑦𝑧
=

𝑑𝑧

𝑥𝑦
 

⇒ 𝑥𝑑𝑥 = 𝑧𝑑𝑧 

⇒ ∫ 𝑥𝑑𝑥 +
𝑐1

2
= ∫ 𝑧𝑑𝑧,    where 𝑐1is an integrating constant. 



⇒ 
𝑥2

2
+

𝑐1

2
=

𝑧2

2
 

⇒ 𝑐1 = 𝑧2 − 𝑥2   ……….. (iii) 

From 2nd and 3rd fractions of (ii), we get 

𝑑𝑦

2𝑥
=

𝑑𝑧

𝑥𝑦
 

⇒ 𝑦𝑑𝑦 = 2𝑑𝑧 

⇒ ∫ 𝑦𝑑𝑦 +
𝑐2

2
= 2 ∫ 𝑑𝑧,    where 𝑐2is an integrating constant. 

⇒ 
𝑦2

2
+

𝑐2

2
= 2𝑧 

⇒ 𝑐2 = 4𝑧 − 𝑦2 ……………. (iv) 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑(𝑧2 − 𝑥2, 4𝑧 − 𝑦2) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  Answer 

 

9. 𝒚𝒛𝒑 + 𝒛𝒙𝒒 = 𝒙𝒚 

Solution :  Given PDE is, 

𝑦𝑧𝑝 + 𝑧𝑥𝑞 = 𝑥𝑦 ………….. (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑦𝑧
=

𝑑𝑦

𝑧𝑥
=

𝑑𝑧

𝑥𝑦
    ……………………. (ii) 

From 1st and 2nd fractions of (ii), we get 

𝑑𝑥

𝑦𝑧
=

𝑑𝑦

𝑧𝑥
 

⇒ 𝑥𝑑𝑥 = 𝑦𝑑𝑦 



⇒ ∫ 𝑥𝑑𝑥 +
𝑐1

2
= ∫ 𝑦𝑑𝑦,   where 𝑐1is an integrating constant. 

⇒ 
𝑥2

2
+

𝑐1

2
=

𝑦2

2
 

⇒ 𝑐1 = 𝑦2 − 𝑥2   ……….. (iii) 

From 1st and 3rd fractions of (ii), we get 

𝑑𝑥

𝑦𝑧
=

𝑑𝑧

𝑥𝑦
 

⇒ 𝑥𝑑𝑥 = 𝑧𝑑𝑧 

⇒ ∫ 𝑥𝑑𝑥 +
𝑐2

2
= ∫ 𝑧𝑑𝑧,    where 𝑐2is an integrating constant. 

⇒ 
𝑥2

2
+

𝑐2

2
=

𝑧2

2
 

⇒ 𝑐2 = 𝑧2 − 𝑥2   ……….. (iii) 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑(𝑦2 − 𝑥2, 𝑧2 − 𝑥2) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  Answer 

 

10. 𝒛𝒑 = 𝒙 

Solution : Given PDE is 

𝑧𝑝 = 𝑥 …………… (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑧
=

𝑑𝑦

0
=

𝑑𝑧

𝑥
    ……………………. (ii) 

From 1st and 3rd fractions of (ii), we get 

𝑑𝑥

𝑧
=

𝑑𝑧

𝑥
 



⇒ 𝑥𝑑𝑥 = 𝑧𝑑𝑧 

⇒ ∫ 𝑥𝑑𝑥 +
𝑐1

2
= ∫ 𝑧𝑑𝑧,    where 𝑐1is an integrating constant. 

⇒ 
𝑥2

2
+

𝑐1

2
=

𝑧2

2
 

⇒ 𝑐1 = 𝑧2 − 𝑥2   ……….. (iii) 

From 1st and 2nd fractions of (ii), we get 

𝑑𝑥

𝑧
=

𝑑𝑦

0
 

⇒ 𝑧𝑑𝑦 = 0 

⇒ 𝑑𝑦 = 0 

⇒ ∫ 𝑑𝑦 = 𝑐2,        where 𝑐2is an integrating constant. 

⇒ 𝑐2 = 𝑦  ……………….. (iv) 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑(𝑧2 − 𝑥2, 𝑦) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.  Answer 

 

𝟏𝟏.  𝒚𝟐𝒑 + 𝒙𝟐𝒒 = 𝒙𝟐𝒚𝟐𝒛𝟐 

Solution : Given PDE is 

𝑦2𝑝 + 𝑥2𝑞 = 𝑥2𝑦2𝑧2 …………… (i) 

The Lagrange’s auxiliary equations for (i) are 

𝑑𝑥

𝑦2
=

𝑑𝑦

𝑥2
=

𝑑𝑧

𝑥2𝑦2𝑧2
    ……………………. (ii) 

From 1st and 2nd fractions of (ii), we get 



𝑑𝑥

𝑦2 =
𝑑𝑦

𝑥2  

⇒ 𝑥2𝑑𝑥 = 𝑦2𝑑𝑦 

⇒ ∫ 𝑥2𝑑𝑥 +
𝑐1

3
= ∫ 𝑦2𝑑𝑦,    where 𝑐1is an integrating constant. 

⇒ 
𝑥3

3
+

𝑐1

3
=

𝑦3

3
 

⇒ 𝑐1 = 𝑦3 − 𝑥3   ……….. (iii) 

From 1st and 3rd fractions of (ii), we get 

𝑑𝑥

𝑦2 =
𝑑𝑧

𝑥2𝑦2𝑧2 

⇒ 𝑥2𝑑𝑥 =
𝑑𝑧

𝑧2
 

⇒ ∫ 𝑥2𝑑𝑥 +
𝑐2

3
= ∫

𝑑𝑧

𝑧2
,      where 𝑐2is an integrating constant. 

⇒ 
𝑥3

3
+

𝑐2

3
= −

1

𝑧
,        where 𝑐2is an integrating constant. 

⇒ 𝑥3 + 𝑐2 = −
3

𝑧
   

⇒ 𝑐2 = −𝑥3 −
3

𝑧
……………….. (iv) 

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 

𝜑(𝑐1, 𝑐2) = 0,  

𝑖. 𝑒. , 𝜑 (𝑦3 − 𝑥3, −𝑥3 −
3

𝑧
) = 0,  𝜑 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. Answer 

 


