
Solutions of Linear Homogeneous Ordinary Differential Equations ( when Right 

hand members is constant/function of x/exponential function ) : 

A few notations and their uses : 

𝑑𝑦

𝑑𝑥
= 𝐷𝑦 

𝑑2𝑦

𝑑𝑥2
= 𝐷2𝑦 

𝑑3𝑦

𝑑𝑥3
= 𝐷3𝑦 

 

(
1

𝐷
) 𝑥 = 𝐷−1𝑥 =∫ 𝑥𝑑𝑥 = 

𝑥2

2
 

(
1

𝐷2
) 𝑥 = 𝐷−2𝑥 =

1

𝐷
{(

1

𝐷
) 𝑥} =

1

𝐷
(

𝑥2

2
) 

                               =
1

2
{(

1

𝐷
) 𝑥2}=

1

2
.

𝑥3

3
=

𝑥3

6
 

 

Particular Integral  

Given equation is 

𝑑2𝑦

𝑑𝑥2
+ 𝑃1

𝑑𝑦

𝑑𝑥
+ 𝑃2𝑦 = 𝑋 

⇒  (𝐷2𝑦 + 𝑃1𝐷𝑦 + 𝑃2𝑦) = 𝑋 

⇒ (𝐷2 + 𝑃1𝐷 + 𝑃2)𝑦 = 𝑋 

⇒ 𝑓(𝐷)y = 𝑋 

⇒ 𝑦 =
1

𝑓(𝐷)
𝑋         ( P.I. ) 

The general solution is obtained as 



y= C.F. + P.I. 

 

Case (i) :  Particular Integral when C.F. is the form 𝒙𝒎 where m ∈ 𝑵 

To find 
1

𝑓(𝐷)
𝑥𝑚, we write [𝑓(𝐷)]−1𝑥𝑚 and expanding [𝑓(𝐷)]−1 in ascending 

powers of “D” by Binomial Theorems. 

Some binomial expansions are given below :  

(i) (1 + 𝐷)−1 = 1 − 𝐷 + 𝐷2 − 𝐷3 + 𝐷4 −………………….. 

(ii) (1 − 𝐷)−1 = 1 + 𝐷 + 𝐷2 + 𝐷3 + 𝐷4 +………………….. 

 

Example 1. Solve (𝐷2 + 4)𝑦 = 𝑥2 

Solution :  Given, (𝐷2 + 4)𝑦 = 𝑥2 … … … … … (𝑖) 

Let us consider, (𝐷2 + 4)𝑦 = 0 ……………….. (ii) 

Let us consider, 𝑦 = 𝑒𝑚𝑥 is a trial solution of (ii). Then, we get,  

(𝑚2 + 4)𝑒𝑚𝑥 = 0 

⇒ 𝑚2 + 4 = 0  [𝑒𝑚𝑥 ≠ 0] 

⇒ 𝑚2 = −4 

 ⇒ 𝑚 = 0 ± 2𝑖 

∴ 𝑇ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 = (𝐴𝑐𝑜𝑠 2𝑥 + 𝐵𝑠𝑖𝑛2𝑥) 

(i) implies that 

           Particular Integral  = 
1

𝐷2+4
𝑥2 

     =
1

4(1+
𝐷2

4
)

𝑥2 



     =
1

4
(1 +

𝐷2

4
)

−1

𝑥2 

                                                          =
1

4
[1 −

𝐷2

4
+

𝐷4

16
− ⋯ … ] 𝑥2 

                                         =
1

4
𝑥2 −

𝐷2

16
𝑥2 + ⋯ 

     =
1

4
𝑥2 −

1

16
. 2 

                                          =
1

4
𝑥2 −

1

8
 

∴ 𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =  𝐴𝑐𝑜𝑠 2𝑥 + 𝐵𝑠𝑖𝑛2𝑥 +
1

4
𝑥2 −

1

8
       𝑨𝒏𝒔𝒘𝒆𝒓.  

 

Exercise XVIII(B) 

[ Recommended Text Book : Integral Calculus by Das & Mukherjee ] 

Solve the following equations : 

1.(i)  
𝑑2𝑦

𝑑𝑥2
+ 4𝑦 = 2𝑥 + 3 

Solution : Given equation is 

𝑑2𝑦

𝑑𝑥2
+ 4𝑦 = 2𝑥 + 3 

⇒ (𝐷2 + 4)𝑦 = 2𝑥 + 3 ………………. (i) 

The auxiliary equation of (i) will be 

𝑚2 + 4 = 0 

⇒ 𝑚2 = −4 

⇒ 𝑚 = 0 ± 2𝑖 



∴ C.F. = 𝐴 cos 2𝑥 + 𝐵 sin 2𝑥 

𝑎𝑛𝑑,          P.I. = 
1

𝐷2+4
(2𝑥 + 3) 

    =
1

4(1+
𝐷2

4
)

(2𝑥 + 3) 

    =
1

4
(1 +

𝐷2

4
)

−1

(2𝑥 + 3) 

    =
1

4
[1 −

𝐷2

4
+

𝐷4

16
− ⋯ … … … ] (2𝑥 + 3) 

    =
1

4
(2𝑥 + 3) 

∴ 𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =  𝐴𝑐𝑜𝑠 2𝑥 + 𝐵𝑠𝑖𝑛2𝑥 +
1

4
(2𝑥 + 3)       𝑨𝒏𝒔𝒘𝒆𝒓.  

 

(ii) 
𝑑2𝑦

𝑑𝑥2
+ 𝑦 = 𝑥3 

Solution : Given equation is 

𝑑2𝑦

𝑑𝑥2
+ 𝑦 = 𝑥3 

⇒ (𝐷2 + 1)𝑦 = 𝑥3 ………………. (i) 

The auxiliary equation of (i) will be 

𝑚2 + 1 = 0 

⇒ 𝑚2 = −1 

⇒ 𝑚 = 0 ± 𝑖 

∴ C.F. = 𝐴 cos 𝑥 + 𝐵 sin 𝑥 

𝑎𝑛𝑑,        P.I. = 
1

𝐷2+1
𝑥3 



   = (1 + 𝐷2)−1𝑥3 

    = [1 − 𝐷2 + 𝐷4 − ⋯ … … … ]𝑥3 

    = 𝑥3 −6𝑥 

∴ 𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =  𝐴 𝑐𝑜𝑠 𝑥 + 𝐵𝑠𝑖𝑛𝑥 + 𝑥3 −6𝑥       𝑨𝒏𝒔𝒘𝒆𝒓.  

 

2.(i) 
𝑑2𝑦

𝑑𝑥2
+ 2

𝑑𝑦

𝑑𝑥
= 𝑥2 

Solution : Given equation is 

𝑑2𝑦

𝑑𝑥2
+ 2

𝑑𝑦

𝑑𝑥
= 𝑥2 

⇒ (𝐷2 + 2𝐷)𝑦 = 𝑥2 ………………. (i) 

The auxiliary equation of (i) will be 

𝑚2 + 2𝑚 = 0 

⇒ 𝑚(𝑚 + 2) = 0 

⇒ 𝑚 = 0, −2                        

∴ C.F. = 𝑐1𝑒0𝑥 + 𝑐2𝑒−2𝑥 = 𝑐1 + 𝑐2𝑒−2𝑥 

𝑎𝑛𝑑,           P.I. = 
1

(𝐷2+2𝐷)
𝑥2 

   =  
1

𝐷(𝐷+2)
𝑥2 

    =
1

2𝐷(1+
𝐷

2
)

𝑥2 

    =    
1

2
 .

1

𝐷
 .(1 +

𝐷

2
)

−1
. 𝑥2     

   =   
1

2
 .

1

𝐷
 .(1 −

𝐷

2
+

𝐷2

4
− ⋯ … … . ) . 𝑥2                                               



   = 
1

2
 .

1

𝐷
. (𝑥2 −

2𝑥

2
+

2

4
) 

   =  
1

2
 .

1

𝐷
 (𝑥2 − 𝑥 +

1

2
) 

    = 
1

2
. (

𝑥3

3
−

𝑥2

2
+

𝑥

2
) 

   = 
1

2
. 

2𝑥3−3𝑥2+3𝑥

6
 

   = 
2𝑥3−3𝑥2+3𝑥

12
 

∴ 𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =  𝑐1 + 𝑐2𝑒−2𝑥 +
2𝑥3 − 3𝑥2 + 3𝑥

12
       𝑨𝒏𝒔𝒘𝒆𝒓.  

 

(ii) 
𝑑2𝑦

𝑑𝑥2
+

𝑑𝑦

𝑑𝑥
− 6𝑦 = 𝑥 

Solution : Given equation is 

𝑑2𝑦

𝑑𝑥2
+

𝑑𝑦

𝑑𝑥
− 6𝑦 = 𝑥 

⇒ (𝐷2 + 𝐷 − 6)𝑦 = 𝑥 ………………. (i) 

The auxiliary equation of (i) will be 

𝑚2 + 𝑚 − 6 = 0 

⇒ (𝑚 + 3)(𝑚 − 2) = 0 

⇒ 𝑚 = −3, 2                        

∴ C.F. = 𝑐1𝑒−3𝑥 + 𝑐2𝑒2𝑥 

𝑎𝑛𝑑,           P.I. = 
1

(𝐷2+𝐷−6)
𝑥 

   =  
1

(𝐷+3)(𝐷−2)
𝑥                



    =
1

5
[

1

𝐷−2
−

1

𝐷+3
] 𝑥 

    =  
1

5
[

1

−2(1−
𝐷

2
)

−
1

3(1+
𝐷

3
)
] 𝑥 

                  = 
1

−10
(1 −

𝐷

2
)

−1
. 𝑥 −

1

15
(1 +

𝐷

3
)

−1
. 𝑥 

                 =  
−1

10
(1 +

𝐷

2
+

𝐷2

4
+ ⋯ ) 𝑥 −

1

15
(1 −

𝐷

3
+

𝐷2

9
− ⋯ ) 𝑥 

   =  
−1

10
(𝑥 +

1

2
) − 

1

15
(𝑥 −

1

3
) 

  =  
−5𝑥

30
−

5

180
 

                       =  
−𝑥

6
−

1

36
 

∴ 𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =  𝑐1𝑒−3𝑥 + 𝑐2𝑒2𝑥 −
𝑥

6
−

1

36
       𝑨𝒏𝒔𝒘𝒆𝒓.  

 

3.(i) (𝐷 + 3)2𝑦 = 25𝑒2𝑥 

Solution : Given equation is 

(𝐷 + 3)2𝑦 = 25𝑒2𝑥 ………………. (i) 

The auxiliary equation of (i) will be 

(𝑚 + 3)2 = 0 

⇒ 𝑚 = −3, −3                        

∴ C.F. = (𝑐1 + 𝑐2𝑥)𝑒−3𝑥 

𝑎𝑛𝑑,           P.I. = 
1

(𝐷+3)2
25𝑒2𝑥 

   =  
25𝑒2𝑥

(2+3)2
       



   =  
25𝑒2𝑥

25
     

   = 𝑒2𝑥      

  ∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   (𝑐1 + 𝑐2𝑥)𝑒−3𝑥 +   𝑒2𝑥   𝑨𝒏𝒔𝒘𝒆𝒓 

 

(ii) (𝐷2 + 9)𝑦 = 9𝑒3𝑥 

Solution : Given equation is 

(𝐷2 + 9)𝑦 = 9𝑒3𝑥 ………………. (i) 

The auxiliary equation of (i) will be 

𝑚2 + 9 = 0 

⇒ 𝑚 = ±3𝑖                        

∴ C.F. = 𝐴 cos 3𝑥 + 𝐵 sin 3𝑥 

𝑎𝑛𝑑,           P.I. = 
1

𝐷2+9
9𝑒3𝑥 

   =  
9𝑒3𝑥

32+9
       

   =  
9𝑒3𝑥

18
 

   =  
𝑒3𝑥

2
     

   =
1

2
𝑒3𝑥      

  ∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   𝐴 cos 3𝑥 + 𝐵 sin 3𝑥 +  
1

2
𝑒3𝑥   𝑨𝒏𝒔𝒘𝒆𝒓. 

 



4. (i) 
𝑑2𝑦

𝑑𝑥2
− 𝑎2𝑦 = 𝑒𝑎𝑥 

Solution : Given equation is 

𝑑2𝑦

𝑑𝑥2
− 𝑎2𝑦 = 𝑒𝑎𝑥 

⇒ (𝐷2 − 𝑎2)𝑦 = 𝑒𝑎𝑥  …………….. (i) 

The auxiliary equation of (i) will be 

𝑚2 − 𝑎2 = 0 

⇒ 𝑚 = ±𝑎                        

∴ C.F. = 𝑐1𝑒𝑎𝑥 + 𝑐2𝑒−𝑎𝑥 

𝑎𝑛𝑑,           P.I. = 
1

𝐷2−𝑎2
𝑒𝑎𝑥 

   =  𝑒𝑎𝑥 .
1

𝐷2
. 1 

   =  𝑒𝑎𝑥 .
𝑥2

2
 

   =  
𝑥2𝑒𝑎𝑥

2
     

    

  ∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   𝑐1𝑒𝑎𝑥 + 𝑐2𝑒−𝑎𝑥 +  
𝑥2𝑒𝑎𝑥

2
    𝑨𝒏𝒔𝒘𝒆𝒓. 

 

(ii) 
𝑑2𝑦

𝑑𝑥2
− 𝑦 = 𝑒2𝑥 

Solution : Given equation is 

𝑑2𝑦

𝑑𝑥2
− 𝑦 = 𝑒2𝑥 



⇒ (𝐷2 − 1)𝑦 = 𝑒2𝑥  …………….. (i) 

The auxiliary equation of (i) will be 

𝑚2 − 1 = 0 

⇒ 𝑚 = ±1                        

∴ C.F. = 𝑐1𝑒𝑥 + 𝑐2𝑒−𝑥 

𝑎𝑛𝑑,          P.I. = 
1

𝐷2−1
𝑒2𝑥 

   =  
𝑒2𝑥

22−1
 

   =  
𝑒2𝑥

3
    

  ∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   𝑐1𝑒𝑥 + 𝑐2𝑒−𝑥 +  
𝑒2𝑥

3
    𝑨𝒏𝒔𝒘𝒆𝒓. 

 

(iii) 
𝑑2𝑦

𝑑𝑥2
− 4

𝑑𝑦

𝑑𝑥
+ 3𝑦 = 2𝑒3𝑥 

Solution : Given equation is  

𝑑2𝑦

𝑑𝑥2
− 4

𝑑𝑦

𝑑𝑥
+ 3𝑦 = 2𝑒3𝑥 

⇒ (𝐷2 − 4𝐷 + 3)𝑦 = 2𝑒3𝑥 …………………….. (i) 

The auxiliary equation of (i) will be 

𝑚2 − 4𝑚 + 3 = 0 

⇒ (𝑚 − 3)(𝑚 − 1) = 0 

⇒ 𝑚 = 3,1 

∴ 𝐶. 𝐹. = 𝑐1𝑒3𝑥 + 𝑐2𝑒𝑥 



And,        𝑃. 𝐼. =
1

𝐷2−4𝐷+3
. 2𝑒3𝑥 

   = 
1

(𝐷−3)(𝐷−1)
. 2𝑒3𝑥 

                  =  
1

 2
 (

1

𝐷−3
−

1

𝐷−1
)2𝑒3𝑥 

   = 
1

𝐷−3
𝑒3𝑥 −

1

𝐷−1
𝑒3𝑥 

                   = 𝑒3𝑥.
1

𝐷
. 1 −

𝑒3𝑥

3−1
 

                      = 𝑒3𝑥. 𝑥 −
𝑒3𝑥

2
 

     = 𝑥𝑒3𝑥 −
𝑒3𝑥

2
 

  ∴   𝑇ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. 

𝑦 =   𝑐1𝑒3𝑥 + 𝑐2𝑒𝑥 +   𝑥𝑒3𝑥 −
𝑒3𝑥

2
    𝑨𝒏𝒔𝒘𝒆𝒓. 

 

 


