1.1  Algebra of Operator A :

1.2

(a) Difference of a constant is zero, i.e.,, Ak = 0, where k is a constant.

(b) The constant k and A are commutative, i.e.,, Ak = kA .

(c) The operator A is distributive over f and g, i.e.,

A(f+9)=Af+A4g
(d) Ifk, and k, are constants, then
A (ki f +kag) = kiAf + kyAg

(e) nth difference of a nth degree polynomial is constant, A (ax™ +
bx" 1+ ........+kx+1)= ah™(n!), where a # 0 and h being
the interval of differencing.

Worked out Examples :

Example (1) : Evaluate the following problems ( h being the interval of

differencing )
(i) Alogx
(ii) Atan~1x
(iii) A sin2xcosx
(iv) A k*, where k is constant
(v) A tan kx, where k is constant
(vi) Al )27 ], h being unity.
(vii) A sinh kx, where k is constant
(viii)  Alog g(x)
(ix) A cot3”*
(%) A (ab**), where a, b, k are constants.
Solution :
(i) Alogx = log(x + h) — logx
= log™™h
= Og ~ )
= log(1+-)
(ii) Atan™1x = tan!(x+h)—tan"1x
= —1p =X
o tan [ 1+(x+h)x ]
=  tanl—2

1+(x+h)x



1 X7y
1+xy

tan"lx —tan"ly = tan”

(iii) A sin2xcosx
= A[ E (sin3x + sinx)]
Asm3x + A sin x |

[

[{sin3(x + h) — sin 3x} + {sin(x + h) — sin x}]
3(x+h)+3x . 3(x+h)-3x

[ 2 sin

NIRPRN|RPN]|R

2
+ 2 cos (x+h)+x sin (x+h)—x

]

2
3r\ . 3h R\ . h
= cos(3x+7)sm7+cos(x+E)smz

(iv) A k*, where k is constant
— k(x+h) — k*
— KXkt — k*
= k*(k" — 1)

k*(k —1), whenh =1

v) A tan kx, where k is constant
= tank(x + h) — tan kx
sin k(x+h) sin kx
cos k(x+h) cos kx
sin k(x+h) cos kx—cos k(x+h) sin kx

cos k(x+h)cos kx
sin { k(x+h)—kx }

cos k(x+h) cos kx
sin kh

cos k(x+h) cos kx

(vi) Al 2—): ], h being unity.
X 2x+1 2x

(x+1)!  x!
x!12¥t1_2%(x+1)!

(x+1)!x!
x12%2-2%(x+1) x!

(x+1)!x!




x!12¥%2—(x+1)}

(x+1)!x!
_ 2*(1-x)
B (x+1)!x!
(vii) A sinh kx, where k is constant
= sinh k(x + h) — sinh kx
_ 2 cosh k(x+h)+kx sinh k(x+h)—kx
= 2 cosh ZEHKR sinh%

= 2 cosh (kx + %) Sinh%

(viii) Alog g(x)

= logg(x+h)—logg(x)
g(x+h)

gx)

(ix) A cot3*
= cot3+h) — cot3%
cos 3*th cos 3%
sin3*th sin3%
sin 3% cos 3*¥*h—cos 3¥ sin 3**h
sin 3¥thsin 3%
sin (3¥—3*th)
sin 3¥thsin 3%
sin {3%(1-3")}
sin 3¥th gin 3%

(%) A (ab**), where a, b, k are constants.
abk(x+h) _ abkx
abkx+kh _ abkx

abkxbkh _ abkx
= abk¥(bkh —1)

Example (2) : Evaluate the following problems ( h being the interval of
differencing and h =1)

() A%x*

(ii) A*(ae™)
(iii) A3[(1 —ax)(1 — bx)(1 — cx)]



(iv) AB[(1—ax®)(1 — bx*)(1 — cx®)(1 — dx®)]
(v) A?(ab™™)

Solutions :

() A2x*

(ii) A*ae*

(iif)

A Ax*]

Al(x+ 1D* —x*]

A(x+ 1D* - Ax*

{(x+2)* = (x + DY —{(x + D* —x%}
(x+2)*=2(x+ 1D*+x*

12x2 + 24x + 14

A3[ Aae”]

A3[ ae*tl — aex]
A3[a(e — 1)e*]

a(e — 1)A?[Ae”]

a(e — 1)A%[e*t1 — e¥]
a(e — 1)A%[e*(e — 1)]
a(e — 1)2A%e*

a(e — 1)%A [Ae*]

a(e — 1)%A [eXt1 — e*]
a(e — 1A [e*(e — 1)]
ale —1)3Ae*

a(e — 1)3[ex+1 — ex]
ale —1)3e*(e —1)
ale — 1)*e*

A3[(1— ax)(l — bx)(1 — cx)]

A3 (—ax)(— bx)( cx), other terms vanished
A3(—abc)x3

(—abc).3!

—6abc

Ax™ = (, ifn>m
A'x™ =m ], ifh=1,n=m




1.3

1.4

(iv) AB[(1—ax®)(1 — bx*)(1 — cx>)(1 — dx®)
= AB(—ax®)(=bx*)(—cx®)(—dx®)
=" A¥(abcd)x®
= abcd (18!)

(v) A?(ab™)

aAZbkx

a[A (Ab*)]

a [A (bk(x+1) _ bkx)]

a [ A (b* — 1)b**]

a (b* — 1)Ab*

a (bk _ 1)(bk(x+1) _ bkx)
a (b* — 1)(b* — 1)p**
a(b¥ — 1)2p**

The Displacement Operator E :

The Operator E is known as Displacement or Shift Operator and it is
definedas Ef(x) = f(x+ h) or Ey, = y,., , where h is the interval
of differencing.

In general,
Ef(x) = E[Ef ()] = Ef (x + h) = f(x + 2h)
E’f(x) = E[E*f(x)] = Ef (x + 2h) = f(x + 3h)

Proceeding in this way, finally we get

E"f(x) = f(x +nh)

General Properties of the Operator E :

(i) The operator E is distributive over f + g i.e,,
E(f+g)=Ef +Eg



(ii) The constant k and the operator E are commutative, i.e.,

Ek = kE
(iii) E(k.f + k,g9) = kEf + k,Eg, where k,andk, are two
constants.
(iv) The operator E follows the laws of indices
EmEn = Em+n
V) The operators E and A are commutative

EA= AE
1.5 Relations between the Operators Aand E :

(i) E=1+A or A=E-1
(ii) Ef"=0+A)"

1.6 Relations between the Operators A, Vand E :

) V=AE"!
(i) V=1-E1

1.7 Worked out Examples :

Example (1) : Evaluate the following problems, h being the interval of

differencing :
. A . A? oy E%x?
o (G i (5)x e
Solutions :
- B, - B
(1) (E)x B g

- (=)

E

= x—E

= x—(x—h)

= h
. A2 o (E-1)? 5
(ii) (E)x = P

E?-2E+1\
= T X



(E—2+ E H)x?

Ex? — 2x? + E~1x?

(x + h)? — 2x% + (x — h)?
2h

E?x? (E-1)?x?

Ex?2 Ex?
(E?-2E+1)x?
Ex?
E2?x%-2Ex?+x?
Ex?
(x+2h)?—2(x+h)?+x?
(x+h)?

(iii)

2h?
(x+h)?

Example (2) : Evaluate the following problems, h being the interval of
differencingand h = 1

(i) A+ 1DE+D(x+1)
(ii) (A—1)2A+3)(x2-1)
(iii) AE?x?

(iv) (E~1A)x

Solutions :

(i) A+DE+DxE+1)
(E-D+1ME+D(x+1)
E(E+1D(x+1)
(E>?+E)(x+ 1)

E*’(x+ 1)+ E(x+1)
x+3+x+2

2x +5

i)  (A-1DQA+3)2—1)

= {(E-D-1{2E -1 +3}x2-1)
(E —2)(2E + 1)(x% — 1)
(2E% — 3E — 2)(x? — 1)
2E2(x?—1)—-3E(x?*—-1)—-2(x*>—-1)



= 2{(x+2)?*-1}-3{(x+1)?*—-1}—2x%+2
= —3x2+2x+8

(iii) AE?x?

A (14 A)2x?

A (1+ 2A+ A*)x?

A x?% + 2A%x% + A3x?
(x+1)2—x2+22!40
= 2x+1+4

(iv) (E~'A)x = EYE-1)x
(1-E YHx
x—(x—1)



