Derivation of PDE by Rule Il

Ex 1. Form PDE from ¢@(x + vy + z,x? + y? — z?) = 0 by eliminating ¢, where

@ is an arbitrary function. What is the order of this PDE ?

Solution: Given, p(x +y+ 2z, x> +y2—2z3)=0.......ccceon.... (1)

Let us consider,u = x+y+z  and v=x?+y?—2z% ...

Then, (i) reducesto @(u,v) =0 .....ooeiiiiiin.... (iii)

Differentiating (iii) partially w.r.t.x, we get

do (au au) dp (av av) _ .
n e TP3, ) T, tPs,) =0 (1v)

Differentiating (iii) partially w.r.t.y, we get

p (2u ) () | Do (0 0v)
T 6y+qaz t3, 6y+qaz =0 (v)

From (ii), we get,

Jdu du ov v du ov .
a— ,a—z—l,a—Zx,a—Z——Zz, 5—1,5—2}/ ............ (Vl)
From (iv) and (vi), we get,

9% 1491 +22 2% 4 p.(=22)) = 0

T p. (')v{ X+ p. z)} =

=21 +p) = -2 {2(x - p2))

From (v) and (vi), we get,

dop dop _
@(1 +q.1) + %{Zy +q.(—22)} =0

=>2(1+q) =-2{20 - q2))



22 2(4z-y)
3u qz-y
D o S e V111
g_‘p 1+q ( )
v

Dividing (vii) by (viii), we get

2(pz — x)
1= 1+p
2(9z —y)
1+g¢g
N 2(qz-y) _ 2(pz—x)

1+q 14p
= A +p)az-y) =1+ q)(pz—x)
=qz+pqz—y —py =pz+pqz—x—qx
=y +2z)p — (z+ x)q = x —y, which is the required PDE.
This is the 1st order PDE.

Exercise 1B
l.z=e™@px+y)
Solution: Given, z=e™@(x+y)..cccceeiiin..... (1)

Differentiating (i) partially w.r.t.x, we get,

0z

Fie me™o(x+y)+e™p'(x+y).1

>p=mzt+te™p'(x+y) [From (i)]
Sp—mz=e"P (X +¥) v (ii)

Differentiating (i) partially w.r.t.y, we get,
—=e™p'(x+y).1

>qg=e™Q'(x+Y) i, (iii)



Dividing (ii) by (iii) with their corresponding sides, we get,
p—mz _
q

=>p-—mz=q

= p — q = mz, which is the required PDE.

2. z=f(x+ ay)

Solution: Given, z=f(x+ay).................. (1)

Differentiating (i) partially w.r.t.x, we get,
0z ,
Fl f'(x+ay).1

>p=f'(x+ay) ...cccceceeiiiiii (ii)
Differentiating (i) partially w.r.t.y, we get,

62_

3y f'(x+ay).a

>qg=af (x+ay)....cccceeiiiiin (1ii)
Dividing (iii) by (ii), we get

q
—=q

p

= q = ap, which s the required PDE.

3.z=xy+ f(x* +y?%)

Solution: Given,z=xy + f(x®> +y2) ..ccccoeen.... (i)

Differentiating (i) partially w.r.t.x, we get,

9z _ y+ f'(x? +y?).2x

ox

P =Y =2X (X% + Y2) e (i)



Differentiating (i) partially w.r.t.y, we get,

0z _ 1 (2 2
ay—x+f(x + y4).2y

Sq—X=2Y.F" (X% + V%) i (iii)
Dividing (ii) by (iii), we get
p—y X

q—x y

=py —y* = qx — x

= py — qx = y? — x?, which s the required PDE.

4 z=x+y+ f(xy)

Solution: Given,z=x+y+f(xy)..cccccenn.. (1)

Differentiating (i) partially w.r.t.x, we get,

e=1+fGy).y
SD=1 =Y. (XY) i (ii)

Differentiating (i) partially w.r.t.y, we get,

0z ,

P 1+ f'(xy).x

27 =1 =% fF"(XY) i (iii)
Dividing (ii) by (iii), we get

p—1_y

g—1 «x
=pX —Xx=qy —y
= px — qy = x — y, which s the required PDE.



s.2=1(2)

z

Solution : Given,z = f (ﬂ) ............... @)

V4

Differentiating (i) partially w.r.t.x, we get,
0z _ 1 (X¥) ¥
ax f ( z ) 'z

Tl Al o) [ — (i)

zZ

Differentiating (i) partially w.r.t.y, we get,
0z _ o1 (X¥) X
ay f ( z ) ‘'z

Xl A G [ — (iif)

Dividing (ii) by (iii), we get
p_Y
q X

= px =qy
= px — qy = 0, which is the required PDE.

6.z=f(x—1y)
Solution: Given,z=f(x =) ..ccccevenven... 1

Differentiating (i) partially w.r.t.x, we get,

0z ’
= x=y).1

Differentiating (i) partially w.r.t.y, we get,



% — fr(x — y).(~1)

ay
57=(1D.f'(x = Y) e (iii)
Dividing (ii) by (iii), we get

- =
q

=pP=-q
= p + q = 0, which is the required PDE

7.z=(x-y)ekx*+y?)
Solution : Given,z = (x — )% +y2).ccccoennn... (1)

Differentiating (i) partially w.r.t.x, we get,

a ,
5 =Lox?+y)+ (x—y)p'(x? + y?).2x

=>p=0*+y?)+ x—y)e'(x* +y?).2x

=@ —yp= (x—ye?+y*)+ (x—y)e (x*+y?).2x
=@ —yp=z+x—-y)p'(x*+y?).2x
S=—YIp—2z=2x.(x —Y)2Q (x* + ¥?) vvrrrerrrrrre e (ii)

Differentiating (i) partially w.r.t.y, we get,

5]

5 = (DG +y) + (x = y)o' (x* +y7). 2y

=>q=0CD.px*+y) + x—y)e'(x* +y?).2y
> @x—y)q=D.(x=yex®+y?) + (x —y)°0'(x* +y*).2y
> =-y)g=—z+@x—y) e (x*+y*).2y

S—y)q+2z2=2y.(x = )20 (X% + ¥2) crrvrrrrirrrrrerrrrnn (iii)



Dividing (ii) by (iii), we get

(x—y)p—2z x

(x—y)q+z y

= (x —y)yp —yz = (x —y)xq + zx

= (x —y)yp — (x — y)xq = yz + zx, which is the required PDE.

8.z = f(x*+2y%)

Solution : Given, z = f(x? + 2y?)..............

Differentiating (i) partially w.r.t.x, we get,

Z—i = f'(x* + 2y?).2x

Sp=2xf"(X>+2y%)

Differentiating (i) partially w.r.t.y, we get,

0z _
5 =f'(* +2y).4y

Sq=4y.f (x> +2y%) o

Dividing (ii) by (iii), we get

p_ X
q 2y
= 2py = qx

= 2py — qx = 0, which is the required PDE.

9.x=f(2)+9»)

Solution: Given,x =f(2)+g()...cccoe......

Differentiating (i) partially w.r.t.x, we get,



1 =f’(z).2—i
= 1= f(2). e (i)

Differentiating (i) partially w.r.t.y, we get,
0= f'(z).j—;+ GO o, (iii)

Differentiating (ii) partially w.r.t.x, we get,

2

z 0z
0= @0 4 (D5

=>0=f"(2).p.p+ f'(2).7
=>—f'2)r=f"2).ppD . ccoveei (1v)

Differentiating (iii) partially w.r.t.x, we get,

0= F 0%z

— D+ ) g
=>0=f"(2).p.q+ f'(2).s
=>—f'(2).s=f"(2)p.q.ccvvvviii... (V)
Dividing (IV) by (V), we getType equation here.
r_p
s q
= qr = ps

= ps — qr = 0, which is the required PDE.

10.z=f(y+ax)+g(y+bx), a+bhb
Solution: Given, z = f(y + ax) + g(y + bx)

Differentiating (i) partially w.r.t.x, we get,

...............



Z—z=f’(y+ax).a+g’(y+bx).b ........................ (ii)

Again, differentiating (ii) partially w.r.t.x, we get,

az I 144
a_xz:f (y + ax).a? + g" (y + bx).b?

Sr=a’f"(y+ax) + b2 g"(y+bx) ..o (iii)

Differentiating (ii) partially w.r.t.y, we get,

0%z " "
ayax_a'f (y+ax)+b.g"(y+ bx)
>s=af'"Y+ax)+b.g"(y+bx).cccciiiiiii (iv)

Differentiating (i) partially w.r.t.y, we get,

0z

5=f’(y+ax)+g’(y+bx) ........................ (v)

Again, differentiating (v) partially w.r.t.y, we get,

2L = fy+an) + 9"+ bx)

>t=f"(y+ax)+g"(y+bx) ..o (vi)

From (iii), (iv) and (vi), we get

r—(a+b)s+abt=a?% f"(y + ax) + b% g" (v + bx)

—(a+b){a.f"(y+ax)+b.g"(y + bx)}
+ab{f"(y + ax) + 9" (y + bx)}

=a’ f"(y+ax) +b% g"(y + bx) —a?. f" (y + ax)
—ab.f"(y + ax) —ab.g" (y + bx) — b?. g"' (y + bx)
+ab. f""(y+ ax) + ab.g" (y + bx)

= r — (a + b)s + abt = 0, which is the required PDE.



