
Derivation of PDE by Rule II 

Ex 1. Form PDE  from   𝜑(𝑥 + 𝑦 + 𝑧, 𝑥2 + 𝑦2 − 𝑧2) = 0 by eliminating 𝜑, where 

𝜑 is an arbitrary function. What is the order of this PDE ? 

Solution :  Given, 𝜑(𝑥 + 𝑦 + 𝑧, 𝑥2 + 𝑦2 − 𝑧2) = 0 ……………… (i) 

Let us consider, 𝑢 =  𝑥 + 𝑦 + 𝑧        and        𝑣 = 𝑥2 + 𝑦2 − 𝑧2 ……………… (ii) 

Then, (i) reduces to   𝜑(𝑢, 𝑣) = 0 …………………… (iii) 

Differentiating (iii) partially w.r.t.x, we get 

𝜕𝜑

𝜕𝑢
(

𝜕𝑢

𝜕𝑥
+ 𝑝

𝜕𝑢

𝜕𝑧
) +

𝜕𝜑

𝜕𝑣
(

𝜕𝑣

𝜕𝑥
+ 𝑝

𝜕𝑣

𝜕𝑧
) = 0 …………………….(iv) 

Differentiating (iii) partially w.r.t.y, we get 

𝜕𝜑

𝜕𝑢
(

𝜕𝑢

𝜕𝑦
+ 𝑞

𝜕𝑢

𝜕𝑧
) +

𝜕𝜑

𝜕𝑣
(

𝜕𝑣

𝜕𝑦
+ 𝑞

𝜕𝑣

𝜕𝑧
) = 0 …………………….(v) 

From (ii), we get, 

 
𝜕𝑢

𝜕𝑥
= 1,

𝜕𝑢

𝜕𝑧
= 1,

𝜕𝑣

𝜕𝑥
= 2𝑥,

𝜕𝑣

𝜕𝑧
= −2𝑧,   

𝜕𝑢

𝜕𝑦
= 1,

𝜕𝑣

𝜕𝑦
= 2𝑦  ………… (vi) 

From (iv) and (vi), we get, 

𝜕𝜑

𝜕𝑢
(1 + 𝑝. 1) +

𝜕𝜑

𝜕𝑣
{2𝑥 + 𝑝. (−2𝑧)} = 0 

⇒ 
𝜕𝜑

𝜕𝑢
(1 + 𝑝) = −

𝜕𝜑

𝜕𝑣
{2(𝑥 − 𝑝𝑧)} 

⇒ 
𝜕𝜑

𝜕𝑢
𝜕𝜑

𝜕𝑣

=
2(𝑝𝑧−𝑥)

1+𝑝
 ……………… (vii) 

From (v) and (vi), we get, 

𝜕𝜑

𝜕𝑢
(1 + 𝑞. 1) +

𝜕𝜑

𝜕𝑣
{2𝑦 + 𝑞. (−2𝑧)} = 0 

⇒ 
𝜕𝜑

𝜕𝑢
(1 + 𝑞) = −

𝜕𝜑

𝜕𝑣
{2(𝑦 − 𝑞𝑧)} 



⇒ 

𝜕𝜑

𝜕𝑢
𝜕𝜑

𝜕𝑣

=
2(𝑞𝑧−𝑦)

1+𝑞
 …………….(viii) 

Dividing (vii) by (viii), we get 

1 =

2(𝑝𝑧 − 𝑥)
1 + 𝑝

2(𝑞𝑧 − 𝑦)
1 + 𝑞

 

⇒ 
2(𝑞𝑧−𝑦)

1+𝑞
=

2(𝑝𝑧−𝑥)

1+𝑝
 

⇒ (1 + 𝑝)(𝑞𝑧 − 𝑦) = (1 + 𝑞)(𝑝𝑧 − 𝑥) 

⇒ 𝑞𝑧 + 𝑝𝑞𝑧 − 𝑦 − 𝑝𝑦 = 𝑝𝑧 + 𝑝𝑞𝑧 − 𝑥 − 𝑞𝑥 

⇒(𝑦 + 𝑧)𝑝 − (𝑧 + 𝑥)𝑞 = 𝑥 − 𝑦,  which is the required PDE. 

This is the 1st order PDE. 

Exercise 1B 

1. 𝒛 = 𝒆𝒎𝒙𝝋(𝒙 + 𝒚) 

Solution :   Given,  𝑧 = 𝑒𝑚𝑥𝜑(𝑥 + 𝑦)………………(i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 𝑚𝑒𝑚𝑥𝜑(𝑥 + 𝑦) + 𝑒𝑚𝑥𝜑′(𝑥 + 𝑦). 1 

⇒ 𝑝 = 𝑚𝑧 + 𝑒𝑚𝑥𝜑′(𝑥 + 𝑦)        [𝐹𝑟𝑜𝑚 (𝑖)] 

⇒ 𝑝 − 𝑚𝑧 = 𝑒𝑚𝑥𝜑′(𝑥 + 𝑦) ……………………. (ii) 

Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= 𝑒𝑚𝑥𝜑′(𝑥 + 𝑦). 1 

⇒ 𝑞 = 𝑒𝑚𝑥𝜑′(𝑥 + 𝑦) …………………….. (iii) 



Dividing (ii) by (iii) with their corresponding sides, we get,  

𝑝 − 𝑚𝑧

𝑞
= 1 

⇒ 𝑝 − 𝑚𝑧 = 𝑞 

⇒ 𝑝 − 𝑞 = 𝑚𝑧, which is the required PDE.  

2.  𝒛 = 𝒇(𝒙 + 𝒂𝒚) 

Solution : Given,  𝑧 = 𝑓(𝑥 + 𝑎𝑦)………………(i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 𝑓′(𝑥 + 𝑎𝑦). 1  

⇒ 𝑝 = 𝑓′(𝑥 + 𝑎𝑦) …………………..(ii) 

Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= 𝑓′(𝑥 + 𝑎𝑦). 𝑎 

⇒ 𝑞 = 𝑎. 𝑓′(𝑥 + 𝑎𝑦) …………………..(iii) 

Dividing (iii) by (ii), we get 

𝑞

𝑝
= 𝑎 

⇒ 𝑞 = 𝑎𝑝, which s the required PDE. 

3. 𝒛 = 𝒙𝒚 + 𝒇(𝒙𝟐 + 𝒚𝟐) 

Solution :  Given, 𝑧 = 𝑥𝑦 + 𝑓(𝑥2 + 𝑦2) …………… (i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 𝑦 + 𝑓′(𝑥2 + 𝑦2). 2𝑥 

⇒ 𝑝 − 𝑦 = 2𝑥. 𝑓′(𝑥2 + 𝑦2) …………………………. (ii) 



Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= 𝑥 + 𝑓′(𝑥2 + 𝑦2). 2𝑦 

⇒ 𝑞 − 𝑥 = 2𝑦. 𝑓′(𝑥2 + 𝑦2) …………………………. (iii) 

Dividing (ii) by (iii), we get 

𝑝 − 𝑦

𝑞 − 𝑥
=

𝑥

𝑦
 

⇒𝑝𝑦 − 𝑦2 = 𝑞𝑥 − 𝑥2 

⇒ 𝑝𝑦 − 𝑞𝑥 = 𝑦2 − 𝑥2, which s the required PDE. 

4. 𝒛 = 𝒙 + 𝒚 + 𝒇(𝒙𝒚) 

Solution :  Given, 𝑧 = 𝑥 + 𝑦 + 𝑓(𝑥𝑦)…………… (i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 1 + 𝑓′(𝑥𝑦). 𝑦 

⇒ 𝑝 − 1 = 𝑦. 𝑓′(𝑥𝑦) …………………………. (ii) 

Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= 1 + 𝑓′(𝑥𝑦). 𝑥 

⇒ 𝑞 − 1 = 𝑥. 𝑓′(𝑥𝑦) …………………………. (iii) 

Dividing (ii) by (iii), we get 

𝑝 − 1

𝑞 − 1
=

𝑦

𝑥
 

⇒𝑝𝑥 − 𝑥 = 𝑞𝑦 − 𝑦 

⇒ 𝑝𝑥 − 𝑞𝑦 = 𝑥 − 𝑦, which s the required PDE. 

 



5. 𝒛 = 𝒇 (
𝒙𝒚

𝒛
) 

Solution :  Given, 𝑧 = 𝑓 (
𝑥𝑦

𝑧
)…………… (i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 𝑓′ (

𝑥𝑦

𝑧
) .

𝑦

𝑧
 

⇒ 𝑝 = 𝑓′ (
𝑥𝑦

𝑧
) .

𝑦

𝑧
 …………………………. (ii) 

Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= 𝑓′ (

𝑥𝑦

𝑧
) .

𝑥

𝑧
 

⇒ 𝑞 = 𝑓′ (
𝑥𝑦

𝑧
) .

𝑥

𝑧
 …………………………. (iii) 

Dividing (ii) by (iii), we get 

𝑝

𝑞
=

𝑦

𝑥
 

⇒ 𝑝𝑥 = 𝑞𝑦 

⇒ 𝑝𝑥 − 𝑞𝑦 = 0,  which is the required PDE. 

 

6. 𝒛 = 𝒇(𝒙 − 𝒚) 

Solution :  Given, 𝑧 = 𝑓(𝑥 − 𝑦)…………… (i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 𝑓′(𝑥 − 𝑦). 1 

⇒ 𝑝 = 𝑓′(𝑥 − 𝑦) …………………………. (ii) 

Differentiating (i) partially w.r.t.y, we get, 



𝜕𝑧

𝜕𝑦
= 𝑓′(𝑥 − 𝑦). (−1) 

⇒ 𝑞 = (−1). 𝑓′(𝑥 − 𝑦) …………………………. (iii) 

Dividing (ii) by (iii), we get 

𝑝

𝑞
= −1 

⇒ 𝑝 = −𝑞 

⇒ 𝑝 + 𝑞 = 0,  which is the required PDE 

 

7. 𝒛 = (𝒙 − 𝒚)𝝋(𝒙𝟐 + 𝒚𝟐) 

Solution :  Given, 𝑧 = (𝑥 − 𝑦)𝜑(𝑥2 + 𝑦2)…………… (i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 1. 𝜑(𝑥2 + 𝑦2) + (𝑥 − 𝑦)𝜑′(𝑥2 + 𝑦2). 2𝑥 

⇒ 𝑝 = 𝜑(𝑥2 + 𝑦2) + (𝑥 − 𝑦)𝜑′(𝑥2 + 𝑦2). 2𝑥  

⇒ (𝑥 − 𝑦)𝑝 =  (𝑥 − 𝑦)𝜑(𝑥2 + 𝑦2) + (𝑥 − 𝑦)2𝜑′(𝑥2 + 𝑦2). 2𝑥 

⇒ (𝑥 − 𝑦)𝑝 = 𝑧 + (𝑥 − 𝑦)2𝜑′(𝑥2 + 𝑦2). 2𝑥 

⇒ (𝑥 − 𝑦)𝑝 − 𝑧 = 2𝑥. (𝑥 − 𝑦)2𝜑′(𝑥2 + 𝑦2) ……………………..(ii) 

Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= (−1). 𝜑(𝑥2 + 𝑦2) + (𝑥 − 𝑦)𝜑′(𝑥2 + 𝑦2). 2𝑦 

⇒ 𝑞 = (−1). 𝜑(𝑥2 + 𝑦2) + (𝑥 − 𝑦)𝜑′(𝑥2 + 𝑦2). 2𝑦  

⇒ (𝑥 − 𝑦)𝑞 = (−1). (𝑥 − 𝑦)𝜑(𝑥2 + 𝑦2) + (𝑥 − 𝑦)2𝜑′(𝑥2 + 𝑦2). 2𝑦 

⇒ (𝑥 − 𝑦)𝑞 = −𝑧 + (𝑥 − 𝑦)2𝜑′(𝑥2 + 𝑦2). 2𝑦 

⇒ (𝑥 − 𝑦)𝑞 + 𝑧 = 2𝑦. (𝑥 − 𝑦)2𝜑′(𝑥2 + 𝑦2) ……………………..(iii) 



Dividing (ii) by (iii), we get 

(𝑥 − 𝑦)𝑝 − 𝑧

(𝑥 − 𝑦)𝑞 + 𝑧
=

𝑥

𝑦
 

⇒ (𝑥 − 𝑦)𝑦𝑝 − 𝑦𝑧 = (𝑥 − 𝑦)𝑥𝑞 + 𝑧𝑥 

⇒ (𝑥 − 𝑦)𝑦𝑝 − (𝑥 − 𝑦)𝑥𝑞 = 𝑦𝑧 + 𝑧𝑥, which is the required PDE.  

 

8. 𝒛 = 𝒇(𝒙𝟐 + 𝟐𝒚𝟐) 

Solution :  Given, 𝑧 = 𝑓(𝑥2 + 2𝑦2)…………… (i) 

Differentiating (i) partially w.r.t.x, we get, 

𝜕𝑧

𝜕𝑥
= 𝑓′(𝑥2 + 2𝑦2). 2𝑥 

⇒ 𝑝 = 2𝑥. 𝑓′(𝑥2 + 2𝑦2) ………………………...(ii) 

Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= 𝑓′(𝑥2 + 2𝑦2). 4𝑦 

⇒ 𝑞 = 4𝑦. 𝑓′(𝑥2 + 2𝑦2) ………………………...(iii) 

Dividing (ii) by (iii), we get 

𝑝

𝑞
=

𝑥

2𝑦
 

⇒ 2𝑝𝑦 = 𝑞𝑥 

⇒ 2𝑝𝑦 − 𝑞𝑥 = 0, which is the required PDE. 

 

9. 𝒙 = 𝒇(𝒛) + 𝒈(𝒚) 

Solution :  Given, 𝑥 = 𝑓(𝑧) + 𝑔(𝑦)…………… (i) 

Differentiating (i) partially w.r.t.x, we get, 



1 = 𝑓′(𝑧).
𝜕𝑧

𝜕𝑥
 

⇒ 1 = 𝑓′(𝑧).
𝜕𝑧

𝜕𝑥
…………………… (ii) 

Differentiating (i) partially w.r.t.y, we get, 

0 = 𝑓′(𝑧).
𝜕𝑧

𝜕𝑦
+ 𝑔′(𝑦) ……………….. (iii) 

Differentiating (ii) partially w.r.t.x, we get, 

0 = 𝑓′′(𝑧).
𝜕𝑧

𝜕𝑥
.
𝜕𝑧

𝜕𝑥
+ 𝑓′(𝑧).

𝜕2𝑧

𝜕𝑥2
 

⇒ 0 = 𝑓′′(𝑧). 𝑝. 𝑝 + 𝑓′(𝑧). 𝑟  

⇒ −𝑓′(𝑧). 𝑟 = 𝑓′′(𝑧). 𝑝. 𝑝 …………….. (iv) 

Differentiating (iii) partially w.r.t.x,  we get, 

0 = 𝑓′′(𝑧).
𝜕𝑧

𝜕𝑥
.
𝜕𝑧

𝜕𝑦
+ 𝑓′(𝑧).

𝜕2𝑧

𝜕𝑥𝜕𝑦
 

⇒ 0 = 𝑓′′(𝑧). 𝑝. 𝑞 + 𝑓′(𝑧). 𝑠  

⇒ −𝑓′(𝑧). 𝑠 = 𝑓′′(𝑧). 𝑝. 𝑞 ………………(v) 

Dividing (iv) by (v), we getType equation here. 

𝑟

𝑠
=

𝑝

𝑞
 

⇒ 𝑞𝑟 = 𝑝𝑠 

⇒ 𝑝𝑠 − 𝑞𝑟 = 0, which is the required PDE. 

 

10. 𝒛 = 𝒇(𝒚 + 𝒂𝒙) + 𝒈(𝒚 + 𝒃𝒙),   𝒂 ≠ 𝒃 

Solution :  Given, 𝑧 = 𝑓(𝑦 + 𝑎𝑥) + 𝑔(𝑦 + 𝑏𝑥)…………… (i) 

Differentiating (i) partially w.r.t.x, we get, 



𝜕𝑧

𝜕𝑥
= 𝑓′(𝑦 + 𝑎𝑥). 𝑎 + 𝑔′(𝑦 + 𝑏𝑥). 𝑏 …………………… (ii) 

Again, differentiating (ii) partially w.r.t.x, we get, 

𝜕2𝑧

𝜕𝑥2
= 𝑓′′(𝑦 + 𝑎𝑥). 𝑎2 + 𝑔′′(𝑦 + 𝑏𝑥). 𝑏2  

⇒ 𝑟 = 𝑎2. 𝑓′′(𝑦 + 𝑎𝑥) + 𝑏2. 𝑔′′(𝑦 + 𝑏𝑥)…………………… (iii) 

Differentiating (ii) partially w.r.t.y, we get, 

𝜕2𝑧

𝜕𝑦𝜕𝑥
= 𝑎. 𝑓′′(𝑦 + 𝑎𝑥) + 𝑏. 𝑔′′(𝑦 + 𝑏𝑥)  

⇒ 𝑠 =  𝑎. 𝑓′′(𝑦 + 𝑎𝑥) + 𝑏. 𝑔′′(𝑦 + 𝑏𝑥)………………….. (iv) 

Differentiating (i) partially w.r.t.y, we get, 

𝜕𝑧

𝜕𝑦
= 𝑓′(𝑦 + 𝑎𝑥) + 𝑔′(𝑦 + 𝑏𝑥) …………………… (v) 

Again, differentiating (v) partially w.r.t.y, we get, 

𝜕2𝑧

𝜕𝑦2
= 𝑓′′(𝑦 + 𝑎𝑥) + 𝑔′′(𝑦 + 𝑏𝑥)  

⇒𝑡 = 𝑓′′(𝑦 + 𝑎𝑥) + 𝑔′′(𝑦 + 𝑏𝑥) …………………… (vi) 

From (iii), (iv) and (vi), we get 

𝑟 − (𝑎 + 𝑏)𝑠 + 𝑎𝑏𝑡 = 𝑎2. 𝑓′′(𝑦 + 𝑎𝑥) + 𝑏2. 𝑔′′(𝑦 + 𝑏𝑥) 

                                    −(𝑎 + 𝑏){𝑎. 𝑓′′(𝑦 + 𝑎𝑥) + 𝑏. 𝑔′′(𝑦 + 𝑏𝑥)}  

+𝑎𝑏{𝑓′′(𝑦 + 𝑎𝑥) + 𝑔′′(𝑦 + 𝑏𝑥)} 

                                  = 𝑎2. 𝑓′′(𝑦 + 𝑎𝑥) + 𝑏2. 𝑔′′(𝑦 + 𝑏𝑥) −𝑎2. 𝑓′′(𝑦 + 𝑎𝑥) 

                                   −𝑎𝑏. 𝑓′′(𝑦 + 𝑎𝑥) − 𝑎𝑏. 𝑔′′(𝑦 + 𝑏𝑥) − 𝑏2. 𝑔′′(𝑦 + 𝑏𝑥) 

                                   +𝑎𝑏. 𝑓′′(𝑦 + 𝑎𝑥) + 𝑎𝑏. 𝑔′′(𝑦 + 𝑏𝑥) 

⇒ 𝑟 − (𝑎 + 𝑏)𝑠 + 𝑎𝑏𝑡 = 0, which is the required PDE. 


